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ly-^ , We study the BPS and non BPS black attractors in 7D M = 2 supergravity 

\ embedded in IID M-theory compactified on K3. Combining Kahler and complex 

, moduli in terms of SO (3) representations, we build the Dalbeault like (DL) basis 

OO , for the second cohomology of K3 and set up the fundamental relations of the 

special "hyperKahler" geometry of the underlying moduli space of the 7D theory. 
We study the attractor eqs of the 7D black branes by using the method of the 
criticality of the effective potential and also by using the extension of the so called 
4D new attractor approach to 7D M = 2 supergravity. A comment, regarding a 
6D/7D correspondence, along the line of Ceresole-Ferrara-Marrani used for 4D/5D 
[7^ . is made. 
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1 Introduction 

The study of black attractors [l]-[lj in the framework of compactifications of lOD 
superstrings and IID M- theory has been a subject of great interest. New classes of 
solutions to the attractor equations (AEs) corresponding to BPS and non-BPS horizon 
geometries have been obtained [6]- [17]; and many results regarding extremal BPS and 
non BPS black holes in 4D extended supergravity theories and higher dimensional space 
times have been derived both in the absence and in the presence of fluxes |18j-|30j: 
see also [63] and refs therein. Several features of special Kahler geometry (SKG) [31] - 
governing the physics of extremal 4D black holes, have been uplifted to higher 



dimensions; in particular to 5D and 6D with the underlying special real (SRG) and 
special quaternionicl] (SQG) geometries respectively 



In this paper, we contribute to this matter; in particular to the issue concerning the 
extremal 7D black attractors as well as to the special hyperKahler geometrjj^ (SHG) 
underlying the physics of these extremal 7D black objects. More precisely, we study the 
BPS and non BPS black attractors in 7D M = 2 supergravity embedded in IID M- 
theory compactified on K3 by using both the criticality condition method as well as the 
so called " new attractor''^ approach introduced by Kallosh in the framework of 4D M = 2 
supergravity and which we generalize here to the 7D theory. 

One of the key steps of this study is based on the use the SO (3) x SO (19) isotropy 



^In this paper, we will use the conventional notions: SRG, SKG, SHG, SQG. They should be put in 
one to one correspondences with the number of real scalars in the abelian vector multiplcts of the non 
chiral Af = 2 supersymmetric theory in 5D, 4D, 7D and 6D respectively. 

^the "special hyperkahler geometry" (SHG) should be understood in the sense it has three Kahler 
2-forins fla = {^i, ^2, ^3) with an SO (3) symmetry. 
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symmetry of the moduli space of K3 



to build a real 22 dimensional "Dalbeault like" basis 

{Qa,QiriZl'Z9 (1-2) 

for the second real cohomology group {K3, R). The real 2- forms Qa and Qj transform 
respectively in the representations (3,1) and (1,19) of the SO (3) x 5*0(19) isotropy 
group of the moduh space M^^^. The ria and fi/ may be compared with the complex 
(1 + h'^'^) Dalbeault basis 

^(0,3) ^ ^(1.2) i-l,...,n-h , 

of iJ^ (0*1^3, R) used in the compactification of type IIB superstring on CY threefolds. 
With the {Vtai ^i} basis at hand, we set up the fundamental relations of the SHG of 
eqf ll.ip . We also study the attractor equations for 7D black holes and black 3- branes. 
The solutions of these eqs are obtained in the two above mentioned ways namely by 
directly solving the critically conditions of the black brane potential and also by extending 
the Kallosh new attractor approach of 4D supergravity to the 7D supersymmetric theory. 

Recall that in the case of extremal black hole (BH) in 4D M = 2 supergravity realized 
in terms of lOD type IIB superstring on Calabi-Yau threefolds, the BH effective scalar 
potential V^h"^ (-2;^? liV) = '^bh'^ is given by the following positive function, 

( "1.- 1 _ \ 
\Zf+J^^^Z,Zjj >0. (1.3) 

where = (1 + h"^'^) is the number of 1-form gauge fields. The function K, = K, (z,^) 
and gfj ~ didjK. are respectively the Kahler potential and the metric of the moduh 
space M^j^'^ of the 4D supersymmetric theory. The function Z [Z) is the holomorphic 
(antiholomorphic) central charge {M = 2 superpotential) and Zi = DiZ is the matter 
central charges given by the covariant derivative Z with respect to the Kahler transfor- 
mations. The (geometric) charge Z and the matter ones Zi are functions depending on 
the electric/magnetic charges of the black hole and the moduli Zi and zj parameterizing 

Using the basis {Qa,^i} and the fluxes of the 4-form field strength JF4 through the 
4-cycles Sl, x with vj/^ g H2 {K3, R) and the 2-sphere S"^ in the 7D space time, we 
show, amongst others, that the 7D black hole (black 3-brane) potential reads as 

-3 



ZaZb - o dib^lZj 



3 .,..1 



> 0, (1.4) 
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where n„ = 62 (-^3) = 22 is the number of Maxwell gauge fields, a is the dilaton pa- 
rameterizing the 5*0 (1, 1) factor of M.^^"^ and gf'j (0) is the metric of the moduli space 
so^)^so(vS) '^ith fixed value of the dilator§| [da = 0). The fundamental relations of the 
SHG of M^=2 are given by 

JCab = /^g^aAfifo , a, 6 =1,2, 3 

JCjj = Jj,,njAnj , (1.5) 

Gaibj = Jj,,{Dain-AD,jn'')K,a , /,J=1,...,19 

The field matrices )Cab (o", (p) = e~'^"Kah (0) and /C/j (cr, (j)) = e~'^'^Kab (0) are symmetric 
real matrices and the moduli space metric Gaitj {<^,<P) = Qaibj (0) with the remark- 
able factorization, 

QalbJ = Kij X Kab, (1.6) 

and the fiat limit Qaibj — * Vij ^ ^ab = —^u x ^ab- Putting this relation back into (ll.4p . 
we can bring it to the remarkable form 

(3 n„— 3 \ 

J2lC^'Z^Z,+ Y,G''Z,zA>0, (1.7) 
a,b=l I,J=1 J 

with G^'^ = —K^^ and /C"'' and KL^^ are as in eqs fll.5p . 

The functions Za = Z^ {4>, cr) and Zj = DjZa are respectively the geometric and 
matter central charges in 7D M = 2 supergravity; they play a quite similar role to the Z 
and Zi = DiZ of the 4D M = 2 supergravity theory. Notice that the expression of the 
effective potential V^^'^~^ for general 7D Af = 2 supergravity has been first considered 
by Cecotti, Ferrara and Girardello in [33j|. In our present study, the eq fll.4l) deals with 7D 
M = 2 supergravity embedded in IID M- theory on K3 with K"-^ and g^J^ as in eqs fll.5p : 
and concerns the geometric derivation of the 7D black hole (3-brane) attractor solutions 
associated with eq fll.ll) . 

We also determine the attractor eqs for the extremal ID black hole (3-brane) by 
extending the Kallosh attractor approach. In this set up, the attractor eqs read in terms 
of the dressed charges Za and Z/, the {f2a, basis and the matrix potentials /C"^ and 
K,^-^ dLSD as follows, 

71:2 = /C'^'^A + /C"Z,fij, (1.8) 

where 7^2 is the real 2-form field strength given by 7-^2 = Xli^ P^«a with being integers 
and {oa} defining the Hodge basis of (7^3, M). By integration of this relation over 
the 2-cycles G H2 {K3,R), dual to {q;a}, we get the explicit expression form of the 
attractor eqs. 



•^Due to the factorization of the moduli space of the 7D theory, the dependence in the dilaton appears 
as a multiplicative global factor. 
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The organization of this paper is as follows: In section 2, we give some useful materials 
regarding extremal 7D black attractors and the parametrization of the moduli space 
(11. ip In section 3, we study the 7D black hole and the 7D black 3-brane by first deriving 
the criticality conditions of the effective potential and then solving the corresponding 
attractor eqs. In section 4, we analyze some useful features of fields and fluxes in 7D 
M = 2 supergravity embedded in IID M- theory on K3; in particular the issue regarding 
the gauge fields and matter representations with respect to 7D A/" = 2 supersymmetry as 
well as the SO (3) x SO (19) isotropy symmetry of the moduli space (11.11) . In section 5, 
we derive the basis {fia, Vtj} by using physical arguments and describe the deformation 
tensor VL^^j = Dai^^ of the metric of K3. In section 6, we derive the fundamental relations 
of the special "hyperkahler" geometry of IID M- theory on K3. In section 7, we develop 
the new attractor approach for the case of 7D M = 2 supergravity embedded in IID M- 
theory on K3; and rederive the attractor eqs of the 7D black hole and black 3- brane. In 
section 8, we give a conclusion and make a discussion on 6D/7D correspondence along 
the field theoretical line of Ceresole-Ferrara-Marrani used in [71] to deal with the 4D/5D 
correspondence. In the appendix, we revisit the fundamental relations SKG of 4D M = 2 
supergravity. This appendix completes the analysis of sub-section 5.1 and allows to make 
formal analogies with the SHG relation underlying 7D theory. 

2 Black attractors in 7D Supergravity 

We start by giving useful generalities on the various kinds of the extremal 7D black 
attractors m M = 2 supergravity theory. Then we describe the parametrization of the 
moduli space M^^"^ . This step is important for the field theoretic derivation of the 
H"^ (-ft'3, R) basis {VLa, VLj} to be considered in section 5. 

2.1 Extremal 7D black attractors 

Generally speaking, there are different kinds of extended supergravity theories in 
7D space time [55]- [59]; the most familiar ones |55j have 2x2^ = 8-1-8 conserved 
supersymmetric charges captured by two real eight components SO (1, 6) spinors and 
that are rotated under the U SP (2, R) automorphism group of the underlying 7D 
M = 2 superalgebra. A particular class of these theories is given by the compactifications 
of lOD superstrings and IID M-theory. There, the matter fields have an interpretation 
in terms of the coordinates of the moduli space of the compactified theory. Below, we 
wiU focus our attention mainly on the 7D M = 2 supergravity embedded IID M-theory 
on K3 with a moduli space given by eq Ol.ip . Like in the case of black holes in 4D and 5D 



6 



dimensions, the 7D effective theorjohas also extremal BPS and non BPS black attractors 
that we want to study here. 

From the view of the field theory set up, we generally consider the 7D extremal 
black attractors that are static, spherically and asymptotically flat background solutions 
of 7D A/" = 2 supergravity. These solutions breaks half (^BPS) or the total sixteen 
supersymmetric charges. 

In this case, we distinguish four basic kinds of extremal 7D black p-brane attractors 
related amongst others by the usual electric/magnetic duality captured by the identity, 

p + p' = 3. (2.1) 

These black p-branes, which may be BPS or non BPS states, are classified as follows: 

(1) a magnetic 7D black hole, (0-brane) with 22 magnetic charges {pa}, 

(2) an magnetic 7D black string, (1-brane), with a magnetic charge go, 

(3) a electric 7D black membrane, (2-brane) with an electric charge qo, 

(4) an electric 7D black 3- brane, (3-brane) with 22 electric charges {qa}- 

These asymptotically flat, static and spherical black p-branes have also near horizons 
geometries given by the product of AdSp^2 with the real sphere S*^"^, 

AdSp+2 X S^'^ with p = 0, 1, 2, 3, 4. (2.2) 

Below we shall mainly deal with the magnetic 7D black hole and its dual electric 7D 
black 3-brane. As we will see later on, these two solutions can be elegantly embedded in 
M-theory compactification on K3. 

The magnetic F-string and its dual electric black membrane can be also considered in 
the M-theory framework. They correspond respectively to M5 wrapping K3 (4-cycle) 
and M2 filling two space directions in the 7D space time (0-cycle in K3). 
As noticed above, the extremal 7D black hole and 7D black 3-brane attractors have 
either electric charges {^a} or magnetic charges {pa}- These charges stabilize the static 
moduli at horizon of the attractor. 

if"' = ip'^{rH,PA), m = l,...,58, (2.3) 

where r stands for the radial coordinate of the 7D space time and r/j is the horizon radius: 
Th = Thorizon- The relation (12.31) follows as the solution of the attractor eqs given by the 
minimization of the effective attractor potential ( 11. 4p or also by using eqf ll.SI) . 

''More precisely, the correspondence is as AD ^ 6D and 5D 7D. The first ones have dyonic 
attractors, the second ones haven't. 
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2.2 Useful properties of M^^^ 

We first describe the self couplings of the scalars of the 7D M = 2 supergravity. 
Then, we make comments regarding the matrix parametrization of the moduli space 
M^^'^ . These properties are useful to fix the ideas and they are also relevant for the 
analysis to be developed in sections 5, 6 and 7. 

2.2.1 Metric of moduli space 

In eq (l2.3l) . the fifty eight field variables ip'^ (x) = (xq, ■■■^Xq) with m = 1, ...,58, 
are the real scalar fields of the 7D A/" = 2 supergravity embedded in IID M-theory on 
K3. At the level of the supergravity component fields Lagrangian density CJ^^'^ ■, these 
7D scalar fields have typical self interactions involving the space time field derivatives 
(d^cp'^). These interactions appear in £7^^ as follows. 



6 / 58 \ 

'(^^d' = -2 - 2 E v^G^' E -^-^^ + •••• (2.4) 

fj,,i'=0 \n,m=l / 

In this relation, the 7x7 real matrix G^j, (x) is the metric of the 7D space time with 
scalar curvature TZ; and the 58 x 58 real matrix Gmn [v] is the metric of the moduli space 
Mf^2 of the IID M-theory on K3. 

The field variables (p^ can be then imagined as real local coordinates of the moduli space 
M^^"^ and the local field couphng Gmn as the symmetric metric of Af 

58 

dl^ = Gmnd^^d^^, (2.5) 

m,n=l 

with dif^ = dx^ {dfj,(p"^) and Gmn = Gmn{'P>)- Like in the case of the 4D A/" = 2 
supergravity theory embedded in lOD type IIB superstring on CY3s, it happens that the 
specific properties of the field metric, 

Gmn = Gmn[p{x)], (2.6) 

play also an important role in the study of BPS and non BPS 7D black attractors. It is 
then interesting to give some useful properties regarding this metric and the way it may 
be handled. 

First, notice that because of the factorization property of the moduli space M^^"^ 

M^S^ = Gox{G/H) , 

Go = 30(1,1) , 

G = 50(3,19) , ^ ' ' 

H = HixH2 
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and because of the isotropy symmetry of ^ 

HixH2 = SO (3) X SO (19) , (2.8) 

it is convenient to split the 58 local coordinates y?"*, in SO (3) x SO (19) representations, 
hke 

ip^={a,ct>'''), a = 1,2, 3; /=1,...,19, (2.9) 

where (a/) is a double index. In this splitting, the dilaton a is an isosinglet of SO (3) x 
SO (19); it will be put aside. The (f)"' 's are in the (3,19) bi-fundamental, 0^ in (3*, 19) 
and so on; they will be discussed below. 

Notice also that in the coordinate frame (12. 9p . the length element dt^ (12. 5p reads as 
follows 

= G^^dada + 2G^(ai)d(Td<p''^ + G^ai){bj)d(tf^ dijl'^ , (2.10) 
and the local field metric tensor Gmn decomposes like 

G„„=f i"" i"""' ). (2.11) 

We will see later on that the G^„, G(^ai)a and G^ai){bj) component fields of the metric 
read as 

^ era ^ 5 

Ga(bJ) = G(^al)a = , (2-12) 

G{aI){bJ) = ^'"^^ 9{aI){bJ) , 

where the 57 x 57 real matrix g(ai){bj) is a function of the field coordinates 0°'^, 



9{aI){bJ) = 9{aI){bJ) (0) • (2-13) 

To deal to the metric tensor of so^(3)xSo\i9) ' ^^^^ following relations 

gii = K^^K'^g^aK)ibL) , 

they will be rederived rigourously later on,. In these relations, the symmetric matrices 
K"-^ and K^^ appear then as field metric tensors to rise and lower the corresponding 
indices. For simplicity, we will drop out the brackets for the bi-fundamentals (a/) , (bJ) ; 
and write g{ai){bj) simply as gaibj- 

One of the remarkable results to be derived in this paper is that the metric tensor gjj 
so^(3)xso\i9) factorizes as 

gfj ~ K'^" X Kjj, (2.15) 



9 



where Kab and Ku are as in eqs fll.Sp . 

Notice moreover that performing a general coordinate transformation from a curved 
coordinate frame {0"^} to an inertial one {^~}; 

0^ ^ m = a/, (2.16) 

and putting back into eq fl2.10l) . we can usually rewrite the local field metric (12.61) as 



9mn (0) 
Vkl (0 



k,l=l 
57 



m,n=l 



or equivalently like 

Gmn (0) = 
% (6 = 



57 



57 



57 



m=l 
57 



m,ri=l 



where E"^ = E^ (v^,0 is the vielbein with the usual properties; in particular 



57 



57 



E^n^l = (^m, ^ -E"!" = . 



1=1 



(2.17) 



(2.18) 



(2.19) 



Below, we shall think about the inertial coordinate frame } as the local coordinate 
of the tangent flat space R^'^^ and about r]^^ as the corresponding flat metric 



0l9x3 —SlJ 



(2.20) 



The factorization fl2.18p can be also done for the metric gaibj and its inverse g'^^'^^. We 
have 



(2.21) 



QalbJ 


= Vcd E^ 


eB 


Vkl 


„ „cKdL 
9aIbJ 9 


= ^b 






gcKdL 


„cd TPcK 
- V— ^cd 


Erl 




E^E^J, 








rpcK rphl 
Eal E^K 


= Sl6f 







with 



.0 



ibj 



(2.22) 
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and (a/) (resp. (oJ) ) referring to the curved (resp. inertial) coordinate indices and 
to the vielbein hnking the two frames. 

Moreover, because of the 5*0 (3) x SO (19) isotropy symmetry of M"^^, it also useful 
to introduce the "small" vielbeins e|, ej- and their inverses, 



following ones. 



(2.23) 



With these e§ and ej- vielbeins, we can build new geometrical objects; in particular the 



Kab — ^a^bVad^ Vab ~ ^a^b^cd, 



Kij = eyeynKL, rjjj = ej_ CjKkl, 



(2.24) 



where Kab and Kjj are precisely the matrices used in eqs( l2.15l) . All these relations will 
be rigourously rederived later on in the SHG set up. 

2.2.2 Matrix formulation 

In the above analysis, we have used 58 = 1+57 curved coordinates {<J,4>bj} to pa- 
rameterize the moduli space 5*0 (1, 1) x so^{3)xso\i9) • These 58 field coordinate variables 
are independent variables; but exhibit non linear interactions captured by the metric 
tensor Gmn of the moduli space. 

A different, but equivalent, way to deal with the parametrization of Mjf^"^ is to consider 
a constrained linear matrix formulation. This formulation is useful in the analysis of the 
criticality conditions of the 7D black attractor potential and in the study SHG of the 
moduli space vacua of 7D A/" = 2 supergravity. Let us give some details on this approach. 
The idea of the matrix formulation is based on siting in a local patch U of the curved 
moduli space Af do the calculations we need; and then use general coordinate trans- 
formations fl2.16p to cover M^j^"^. 

To begin, consider a local patch U of the group manifold SO (1, 1) x SO (3, 19) together 
with a real matrix i? = In M where, 

M e SO (1,1) X SO (3,19). (2.25) 

The matrix R, or equivalently M, captures too much degrees of freedom as needed by 



AT^^ since. 



22 X 21 

dim [SO (1, 1) X SO (3, 19)] = 1 + , (2.26) 
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that is 232 is real degrees of freedom. The reduction of this number down to 1 + 57 
is ensured by gauging out the degrees of freedom associated with the isotropy sub- 
symmetry SO (3) X SO (19) C SO (3, 19). This means that the matrix M should obey 
the identifications, 

M = O^MO, (2.27) 

with OeSO (3) X SO (19) . 

(a) constraint eqs 

Because of the property (12. 7p . the matrix M factorizes as the tensor product 

M = P®L (2.28) 

with 

P e SO (1,1) C End{m}^^) (2.29) 

and 

L G 50(3,19) C Enc/(M^'^^) . (2.30) 

The 2x2 real matrix P and the 22 x 22 real matrix L satisfy the orthogonality group 
relations, 

P'V2.2P = (2.31) 
-^*^22x22-^ — ''?22x22) (2.32) 

where 

V2x2 = diag (+1,-1) , 7122^22 = diag {+ + +, ) (2.33) 

are respectively the metric tensors of the flat M}'^ and M.^'^^ spaces. 

(b) solving eg (12.311) 

The orthogonahty constraint equation -P*r72x2-P = V2x2 solved like 

„ , , , cosh a sinh a \ „j _ , 

P{a)={ =6'^', CTGR, (2.34) 

smh a cosh a 



with cr J = InP and 

1 



^= I ° i h (2-35) 



being the generator of 5*0 (1, 1). 

The condition L^rjL = rj and the SO (3) x SO (19) isotropy symmetry require however 
more analysis. Below, we give details 

(c) solving the condition (12. 32^ 
First notice that the the condition L^rjL = rj on the matrix Lj^ can be interpreted in 
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terms of invariance of vector norms in M^'^^. The matrix Lf- rotates real vectors v— of 

^3,19^ 

L^-.v^eR''''' ^ Lfv^GM^'i^ (2.36) 

Invariance of the norm ||v— 1| requires the condition (12.321) : i.e L G SO (3, 19). 

Then, we use the (3, 19) signature of the M^'^^ space to decompose the real matrix L as 

follows 

cor \ D' 



(2.37) 



with A (A*) and D (D*) being respectively 3x3 and 19 x 19 invertible square matrices 
(detAdetD ^ 0); while B (C*) and C (i?*) are 3 x 19 and 19 x 3 rectangular matrices 
(bi-fundamentals) . 

Next, we put (I2.37P back into L^rjL = r] to end with the following constraint eqs on the 
sub- matrices A, B, C and D: 



A'B = C'D , B*A = D'C 

C^C = A* A - h , B^B = D^D - hg , 

where Id stands for identity matrix in d- dimensions. 

Observe that these constraint relations are invariant under transposition since 



(2.38) 



(L*r/L)* = L'r]L, r/* = r]. (2.39) 
The constraint eq (l2.32p and eqs (l2.38l) capture then 

= 243, (2.40) 
conditions restricting the initial 484 initial number of degrees of freedom down to 

484 - 253 = 231 = dim SO (3, 19) . (2.41) 

In the language of SO (3, 19) group representations, the matrix L corresponds to the 
reducible representation 22x22* which decomposes as 

22 X 22* = [22 X 22*] ^ © [22 X 22*] ^ . (2.42) 

The constraint relation L^rjL = t] corresponds to setting the symmetric part as in 
eqsf l2.38() . The latter may be solved in different manners. A particular way to do it 
is to choose the matrices A and D as follows 



3; ' ^2.43) 
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where a is a non zero real number to be identified as the norm of B. Then solve the 
constraint eqs fl2.38p as follows: 



C' = ^B=.n§^,B , TT{B^B)=a\ (2.44) 



e Y 3(19+a2)- 

From this solution, we see that the degrees of freedom of the sub-matrices A, C and D 
are completely expressed in terms of those 57 degree of freedom captured by B. 

(d) Gauging out SO (3) x SO (19) isotropy 
To get the appropriate constraint relations that fix the SO (3) x SO (19) isotropy symme- 
try of the moduh space, it is interesting to use the (3, 19) signature of M'^'^^ to decompose 
the SO (3, 19) vectors 

22 = (3, 1) © (1, 19) , 22* = (3*, 1) © (l, 19*) . (2.45) 

Then, compute the two terms of eg (12. 42 p . We have 

[22 x 22*]^ = ([3x3*]^,l)©(l, [I9xl9*]j 

© [(3x,19*) © (3*,19)] , (2.46) 



and 



[22 x 22*]^ = ([3x3*]^,l)©(l,[l9xl9l) 

© [(3x,19*) © (3*,19)] . (2.47) 



In this set up, the constraint eqs (l2.38p and (12.27^ split as follows 

[3 X 3*] 3 ^ identiy A/3 , 

[19 X 19*]^ identiy ghg , 



(2.48) 



and 

(3,19*) = [(3*, 19)]*. (2.49) 

Notice in passing that the 5*0 (3) x SO (19) isotropy symmetry can be usually used to 
set 

|19xl9'|„ ^ . 

Eqsf l2.50[) reduce the previous 231 = dim 5*0 (3, 19) number of degrees of freedom down 
to 

231 - dim SO (3) - dim SO (19) , (2.51) 
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that is 231 - 3 - 171 = 57. 

To conclude this section, notice that a typical matrix M of the coset 5*0 (1, l)x — so{3,i9) 
can be usually put in the formal 



SO(3)x50(19) 



MAE(a,0 = e-'^LA2(e). (2.52) 

where a stands for the dilaton. The matrix Las {Q obeys the orthogonality constraint 
eq fl2.32l) and gauge symmetries under SO (3) x SO (19) transformations. 
Two ways to deal with these constraints: 

(i) solve the constraint eqs as we have done here above to find at the end that the 
propagating degrees of freedom captured by are given by 

with A and g as in eqs fl2. 43112. 441) . This way of doing is interesting from the view that 
it allows to fix the ideas; it will be also used later on to motivate the basis {Qa,^i} 
(11. 2p for the second real cohomology of K3. As we will see in section 5, the field moduli 
captured by eq (l2.53l) can be interpreted as the periods, 



0vf ~ IbA ' ^^7 ~ IbA 



where the 2-cycle basis {B-, B-^ is the dual of {Ha, ^^/}. The symbols r]^ and t]j designate 
respectively the 3x3 and 19 x 19 identity matrices; i.e r]^ = S^, rfj = Sj. 

(ii) use a manifestly matrix formulation based on the matrix = (^L^, Lj^ constrained 

as 

VasL^Lj = Vcd ' -^1" = U^Lj , /o 

rA _ rA _ ttJtA {^.00) 

but without solving the constraints explicitly. These constraint eqs will be fulfilled by 
requiring full gauge invariance at the level of physical observables. This way of doing is 
powerful; we will use it in what follows to study the extremal 7D black attractors. 



3 Black hole and black 3-brane 

In this section, we first study explicitly the BPS and non BPS black holes in A/" = 2 
7D supergravity theory. Then, we give the key relations for their dual 7D BPS and non 
BPS black 3-branes. 

^Notice that the factorization M (cr, ^) — e^'^L (^) takes regular values for a finite and is singular for 
(T — > cxD. This difficulty will be avoided by restricting the analysis to a finite. 
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3.1 Extremal 7D black holes 

In the IID M-theory set up, 7D black holes are realized by wrapping a M2 brane on 
the 2- cycles of K3. Since dimH^ {K3, R) = 62 {K3) = 22, the 7D = 2 supergravity 
has f/^^ (1) abelian gauge symmetry and the black hole has 22 magnetic charges = 
{p^, but no electric charges q\. 

The magnetic charges {p^} are given by the integral of the real 4-form flux density JF4 
through the 4- cycles basis 5*^ x \1'^, 

/ = ^^ (Xa*^')' ^ = 1'-'22- (3-1) 

In this relation, the real 4- form JF4 is the gauge invariant field strength associated the 
RR gauge field 3-form C3 of the M2 brane; i.e 

= dCs. (3.2) 

The 2- cycle basis {^^} is a basis of 2- cycles of K3, dual to the Hodge 2- forms cka, and 
the compact real surface S"^ is a large radius 2- sphere contained in the 7D space time. 
For simplicity, we shall use the normalization 

/ = 1, (3.3) 

where the factor ^ has been absorbed in the measure (Ps. The field moduli ip^^, at the 
horizon r = r/j of the the static and spherical 7D black hole attractor, are determined 
by the charges p^ of the black hole 

The explicit relation between y^j^ and the charges {p^} can be determined by solving 
the criticality condition of the effective scalar potential eq fll.4l) : it will be given later on. 

3.1.1 Black hole potential 

Here, we give the explicit expression of the black hole potential in two coordinate 
frames of the moduli space. First in the inertial coordinate frame } where most of 
the calculations will be done. Then, we give the results in the curved frame {v?™} by 
using general coordinates transformations on the moduli space. 
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(1) Inertial frame 

In the inertial coordinates framfl = (^°,^-)} of M:^=^ the black hole ef- 
fective potential is given by the simple relation, 



19 



VSf = E ^^^^ + E ^L^-- (3.5) 

a=l 1=1 

As required by supersymmetry, this function is a positive scalar potential induced by the 
central charges Zg, and Zj_ of the 7D A/" = 2 supergravity theory. The central charges Zg, 
and Zi_ are real functions on moduli space, 

Za = Za {PA, , ^1=2/ {PA, , (3.6) 

describing respectively the "geometric" and "matter" dressed charges. Their explicit 
expression are given by the following dressed magnetic charges 

The underlined indices A, a and J refer to the inertial (flat) coordinates frame {^}; they 
are lowered and raised by the respective fiat metric tensors ?7x/r, Vat ^-nd rjjj of the fiat 
spaces M^'^^ and M°'^^ , 

Vrr = Vab ® Vu, Vgh = +^gh, Vu = -^u- (3.8) 
In (13.71) . the C\ and Cj^ are local field living on M"^^; 

= ^~A ^w) , ^i=^i ^w) , (3-9) 
with the factorization, (see footnote 6), 



£x = e"''^^ , Lj^ = (^m) 



(3.10) 



where the dependence in the dilaton is completely factorized as e The fields and 
L;^ live mainly on the group manifold 

(3.11) 



SO (3) X SO (19)' 



^Because of the factorization of the moduU space M^f^"^ as sc^(3)xso(w) ^i™^^ 5'0(1,1), we will 
mainly deal with the first factor and thinking about as just the dilaton a. The constraint eq coming 
from the factor 5*0(1,1) does bring anything new; it will be solved as in eq (j3.33|) and implemented 
directly. 
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and capture 57 propagating degrees of freedom. These matrices should be thought of as 
the matrices L of eq fl2.37p constrained as, 

L^rrL} = , (3.12) 
Lj^Tj^L-j = rjjj_ . 

A representation of the tensors and Lj- in terms of the coordinates solving the 
above orthogonality constraint eqs, is given by (I2.53p . 

(a) Special properties of V^^'^~^ 
The black hole potential V'^^~'^ and its constituents exhibit a set of remarkable features. 
We list below the useful ones: 
(i) isotropy symmetry: 

The dressed central charges Zg, and Zj_ behave as real vectors under the SO (3) x SO (19) 
gauge isotropy symmetry of the moduli space (14.191) : 

2a ~ (3,1), Zj_ ~ (1,19). (3.13) 

They are defined up to SO (3) x SO (19) gauge transformations, 

^ ^'f'- ' (3.14) 

where U and V are local orthogonal matrices; = {S,) and Vf = Vf- {^) with 
U^U^ = 5^, and Vf^V^ = Sj; they can be thought of as 

U{0 = exp(Y,T^a{0] ^S0{3) , 

(3.15) 

E SO (19) , 



V{0 = exp 



3 



.1=1 



where (0 the gauge group parameters and T- and L- the generators 

of SO (3) and SO (19) respectively. In the case T-, we have the following coordinate 
realization, 

Ta ~ SoMV-^-^, eabc = (3.16) 

where Eabc is the usual 3d completely antisymmetric tensor. A quite similar relation can 
be written down for the L/ generators, 
(ii) dressed matter charges 
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The geometric dressed charges Za and the matter ones Z]_ are not completely inde- 
pendent. They are related to each others in a quite similar manner as in 4D M = 1 
supergravity theory embedded in lOD type IIB superstring on CY3. In the 7D theory, 
the dressed charges Za and Z]_ are related as follows 

Zi_ =r]^DaiZ!, , 

Dal =dal-Aal , (3.17) 

fl — ^ 

where the gauge connection 

Aal = Aal{0 (3.18) 

is needed to compensate terms like rj—U^ {^ciU^ and 7]—Vf- [doKY^ arising from the 
gauge transformations fl3.14p . 

Notice moreover that, using eq fl3.17l) . we can rewrite the black hole potential as follows 



a, 6=1 \ c,d=l 



19 

V-{Dai2b) {D,_jZ, 

i,j=i 



(3.19) 



Clearly this expression is invariant under the gauge change 03.141) since DaiZfy transform 
in covariant manner. Using the following relation, which will be derived in section 5, 

DaiZ, = ^riabZl, (3.20) 
and putting back into eq( 13.19p as well as using the identity 

Zi = D^Z^. (3.21) 

we rediscover fl3.5p . 

(iii) gauge invariant X+ .■ the Weinhold potential 

The existence of two kinds of dressed charges geometric and matter combined with the 
SO (3) X SO (19) isotropy symmetry induce an interesting property. We distinguish two 
kinds of gauge invariants, 

Ti = v-ZaZb , I2 = V-2l2j = -S-Zj^Zj^ , (3.22) 

or equivalently 



J±=JiTJ2. (3.23) 

The Weinhold potential V^^'^~^ is one of these invariants namely X+. This is a positive 
number as required by supersymmetry. It is invariant under the 5*0 (3) x SO (19) gauge 
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symmetry fl3.14p . 

The other gauge invariant X_, which reads as follows, 

19 



a,fe=l \ c,d=l 



.I,J=1 



p\ (3.24) 



has an indefinite sign and will be interpreted later on in terms of a gauge invariant con- 
straint eq needed by the matrix formulation, 
(iv) behaviors of V^^'^~^ 

Using fl3.33p . the black hole effective potential fl3.5p can be put in the remarkable fac- 
torization 

VlT=H^,0 = e-'''ViO, (3.25) 
with V (^), having no dependence in a, given by 

^ (0 = ( E '^-^^^^ + E ^-^L^l] ■ (3-26) 

\a,b=l I,J=1 J 

Notice that the potential V^^'^~^ (c^?^) has a very special dependence on the dilaton a. 
According to the values of this field, we distinguish the three following particular cases: 
(ck) case a ^ 0: 

For finite values of a {see also footnote 5), say around ctq = 0, the behavior of the black 
hole potential is dominated by the factor V (^^j); i.e 

Vir='(^,0~V(0. (3.27) 

(/3) case a — oo: 

In this case the behavior of the black hole potential is dominated by the factor e"'"^''^' and 
could be approximated as follows 

V;if='(a,0=Voe-*-2H, (3.28) 

where Vq is some fixed value extremizing eq fl3.26l) . In the IID M-theory compactification 
set up, this case corresponds to a K3 manifold with large volume; 

Vol {K3) oo , (3.29) 

but small metric deformations. 

(7) case a +00: 

Here the behavior of the black hole potential is dominated by the factor e"^'*^' and V]f^~'^ 
might be approximated as follows 

Vl1f='(^,0=e-^l'^IVo. (3.30) 
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This case corresponds to compactifying M-theory on a K3 manifold with small volume 

Vol{K3)^0. (3.31) 

(b) gauge invariant X_ .■ the constraint eqs 
The constraint eqs fl3.12l) combine altogether as follows 

^Xr^A^E = SgbLjL^ - 5jjL{L^ = ri^, (3.32) 

and show that is not an arbitrary 22 x 22 matrix; but an orthogonal matrix of 
SO (3, 19). Eqs fl3.32l) fix the undesired degrees of freedom. 

It turns out that these constraint relations are gauge invariant under the SO (3) x SO (19) 
isotropy symmetry. They also play an important role in the study of the criticality 
condition of 7D black hole and in the underlying "hj^erKahler" special geometry. 
Let us show how these constraints can be brought to the form X_ and how they are used 
in the solving of the criticality condition. 

Multiplying both sides of ( 13.32^ by the bare magnetic charges and p^; then using 
eqsf l3.7l) . which we rewrite as follow 



Z^ = p^L|(0 , Z^ = e-'^Z^{0 



(3.33) 



we obtain the following remarkable relation between the dressed charges 

3 19 

S-ZaZt - Yl ^-ZlZj = p\ (3.34) 

a,b=l I,J=1 

with 

= VAsPh>^ = S-PaPb - S^pipj. (3.35) 

Eq fl3.34p . which reads also as 

has no definite sign since it can be positive, zero or negative. It is manifestly gauge 
invariant. 

There is two basic ways to deal with this constraint relation. The first way is to solve it 

as 

19 3 

J2 S^Z^Zj = -p^+J2 ^-ZaZt (3.37) 

I,J=l a,b=l 

Then substitute back into eq fl3.26p to end with the black hole potential factor 

V iO = ( V + 2 ^-ZaZb] . (3.38) 



a,fe=l 
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Since from (13 .371) . we should have 

3 

-p" +Y,^-ZaZb>^ (3.39) 

a,b=l 

then we have 

3 

V(0> 5^5^Za^6>0. (3.40) 

a,b=l 

Moreover seen that 5V (C) = 2 X] {^~Za6Zb) , the critical points of the black hole poten- 
tial factor 6—ZaZb is completely controlled by the zeros of 6— [Za6Zb\. 
The second way to approach eq fl3.34l) is to keep it is; and use the Lagrange multiplier 
method to deal with it. The Lagrange multiplier method method as well as comments 
on the entropies for dual pairs of black attractors in 6D and 7D will be exposed in [61] . 
Expressing the variation of eq (l3.34p as, 

3 19 

J2z^Ta = J2^-'^b (3-41) 

a=l 1=1 

where the metric 6— and 6— have been used and where we have set = 6Za and 
Tf = 6Zi, then we have the following results: 

Theorem 1 

Denoting by Tg, = 6Za and Tj_ = 6Zj_ as in eq \3.41\) , then: 



the SO (3) scalar Z-Ta = if Z-Tj_ = 0; that is the Z- and Tj_ are normal real vectors in 
R^^ . This happens in particular for: 

(i) Z]_ = V / G X = {1, 19} whatever the Ti's are, 

(ii) T/ = V / G X = {1, 19} whatever the Zi's are, 
(Hi) Zi = for I e J Cl andTi = for I e I/J. 

Inversely, the SO (19) scalar Z-T]_ = if Z-Ta = 0, that is the Z- and Ta are nor- 
mal vectors in R'^ . In particular: 

(iv) Za = \l a eI = {1, 2, 3} whatever the T^'s are, 

(v) Ta = V a G X = {1, 2, 3} whatever the Za's are, 

(vi) Za = for I e J Cl andTa = for I e X/J. 



Notice that the variation of Z-Za can be gauge covariantly expanded as 

J2 (Z^SZa) = J2 iZ^Dj^Za) Ve^. (3.42) 

a a,b,I 
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By using the identities (I3.20ti3.2"ll) . we can bring this variation to the form 
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J2 {ZbSZ^) = J2 ZNZ^, VZ^ = J2 ZhVi-, (3.43) 

b=l 1=1 6=1 

or equivalently 

3 3/19 \ 

E(^^^') = E^UE^i^^- ■ (3-44) 

6=1 6=1 \/=l / 

It follows from the two last relations the result: 
Corollary 2 

(1) IfZa^O VaG {1,2,3} andZi_ = V / G J = {1, 19}, thenT^ = Q\/ a 
(ii) the potential factor (^Yllb=i ^~ZaZb + X]/^j=i ^~ZiZj^ has extremals for: 
(a) Za = V a G {1, 2, 3}; V Z^ 

((3) Z^ = V/G{1,...,19} ;VZ, 

(2) curved coordinates frame 

In the curved coordinates frame {v?"^} = {^^ = o'',<P"'^}, the curved space relations 
analogue of the above inertial frame ones are obtained, by using eqs (l2.23p . as follows: 

Z = p^Y Y = p^Z 

^ ea^c , ^ e,z, , ^^^^^^ 

Z]_ — Pj^Yk , Yk — ^K'^l , 

where 

el = e^(e,0) , ef = ef (e, 0) , (3.46) 

are the vielbeins introduced previously (12.231) . They allow to move from the inertial 
frame to a generic curved one. Substituting the change fl3.45p back into 5—ZaZ^ and 
S^ZiZj, we get 



S^ZaZ, = S^plpfY^Y, , 
= K'^Y.Yd 



and 



Notice that 



(3.47) 

d , 

b'-^ZiZj^ = d^pfp^jYKYL , 



(3.48) 
K'^'^YkYl 



F, = r,(0), YK = YKi0). (3.49) 

Similar relations can be written down by using the inverse vielbeins e|^. Moreover, we 
have the following properties: 

(i) the effective potential fl3.26p reads, in the curved coordinates frame, as 

VlT=\a,<P) = p-''^V{^), (3.50) 
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where now V (0) is given by 

V (0) = ( ^ K^'^Y.Ya - K'^'-YkYA , (3.51) 

\c,(i=l K,L=l J 

and where 

j^cd ^ ^ofegCgd ^ j^KL ^ ^ZJg^eJ . (3.52) 

(ii) putting eqs( l3. 47113. 48p back into eq( l3.34p . we get the gauge invariant constraint 
relation 

3 19 

J2 K^'Y^Y, + J2 K'^'^YkYl = p'. (3.53) 

c,d=l K,L=1 

The variation of this constraint eq gives 

K'^'Y, (VY,) = -K'^Yj (VYj) , (3.54) 

with 



(3.55) 



DYb = [{6Yt) + lKbc{SK'^'')Yd] 
DYj = [i5Yj) + lKjK{6K^'^)YL] . 

(iii) by implementing the dilaton a, the relations fl3.47H3.4^ can be also put in the form 



6^ZaZh = = K'^ycyd = e+'''K'''Y,Y, 



d 



j]^ZiZ^ = K'''^yKyL = e+^''K'''^YKYL 

where we have set 



(3.56) 



y,{a,cp) = e'^Y^i^) , 
yK{aA) = e-'^YK{<p) . 

3.1.2 Criticality conditions 

In the inertial coordinate frame {^}, the critically condition of the black hole po- 
tential takes a simple form; it reads as follows: 

5Vl''/=' = 2 ( ^ 5^Z^5ZA + 2 ( ^ 5-ZiZj \ = 0. (3.58) 

\a,b=l / \I,J=1 / 

This variation can rewritten formally like 

2 ( S-2a%] +2(5^ 5-2/^2 ) = 0. (3.59) 

\a,b=l / \l,J=l / 
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where, in general, 



(3.60) 

In the case of 7D M = 2 supergravity embedded in IID M-theory on K3, Z- and Z- are 
respectively given by e~°"Z-(^) and e~°"Z-(^) eqs fl3.33l) . So we have 



(3.61) 



az£\ _ _p--<7 V/ ( \ _ ,.~<T ( dZL 

da - ^ ^ ' \dii^ ~ ^ \d£,^ 



Classification of solutions of eg fl3.59p 
The above theorem and corollary show that the black hole solutions associated with the 
critical points of eq (]3.59p are of three kinds: a 1/2- BPS and two non BPS black holes; 
to which we refer to as type 1 and type 2. 



The non degenerate solutions of eq fl3.59p with black hole effective potential at horizon 
like 

Vir=') . >0, (3.62) 



horizon 

and the Arnowitt-Deser-Misner (ADM) mass J^\dm bounded like 



3 \ / 3 19 \ 

J2 < MloM = ^-^-^b + J2 ^-^lZj , (3.63) 

\a,b=l J \a,b=l I,J=1 / 

are given by: 

(1) 1/2- BPS state. 

This black hole state has eight supersymmetries and corresponds to, 

(Zi,Z2,Z3)7^(0,0,0), (3.64) 

but 

3 

^-Za% = 0, (3.65) 

a,b=l 

and 

(Z,) = (Zi,...,Zi9) = (0,...,0). (3.66) 
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In this case the ADM mass Ai^^M saturates the bound 



M 



ADM 



> 



\ 



(3.67) 



\a,b=l 



At the event horizon, the critical ADM mass {AiADM)ii is obtained by extremizing the 
effective potential V^^'^~^ with respect to the scalar moduli ^— . 
Using eqf l3.64l) . we then have 



< (A^ADAf)BPS = ("^ 



where we set 



ADM) BPS 



J2 

\ \a,b=l 



(3.68) 



(3.69) 



horizon 



The lower bound of {M.adm)y^ is positive definite. By using eq fl3.34l) and eq fl3.7p . we 
also have for the case ri^Y.pA-p^ ^ and ^5dhT^, 



Pa (I {p^SbcP^ - p^SjKp'') \y'z^ 



(3.70) 



(2) non BPS state: type 1 

This is a non supersymmetric state corresponding to, 



and 



and moreover 



[Z,) = (Zi,...,Zi9)^(0,...,0), 
J2 S-^iTj = 0, 



(Z„) = (Zi,Z2,Z3) = (0,0,0) 

In this case the critical ADM mass {A4adm)ii is given by: 



(3.71) 

(3.72) 
(3.73) 



< (Madm) 
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\ \i,j=i 



(3.74) 



horizon 



Notice that since Za and are defined up to SO (3) x SO (19) gauge symmetry eqs( 12.18p . 
we can usually perform a rotation to bring eq fl3.71l) to the form 



[Zz) = (Zi,0,...,0) 



(3.75) 
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with {Zi)j^-^ 7^ and all others Zi_ with 1^1 equal to zero. Similar conclusion can 
made for Za or both Zg. and Zi_. 
(3) non BPS state: type 2 

This state is non supersymmetric and corresponds to 

(ZJ 7^ (0, 0, 0) , i.e Z„ 7^ for some a e J C {1,2,3}, (3.76) 

and 

J^S^ZgX^O (3.77) 

a,bej 

together with 

(Z/) 7^ (0,...,0), i.e Z/T^Oforsome/e J'c{l, ...,19} (3.78) 
as well as 

J2 S^Zi7j = 0. (3.79) 

This configuration leads to 



< (Madm^ 



\a,b&J / hoi-i^on \I,J&J' / horizon 

For more details on this classification, see also the analysis of subsection 7.1. 
In the end of this discussion, notice that a similar and equivalent study can be done for 
the criticality condition by using the curved coordinates frame {v?™}. The two methods 
are equivalent and are related by the identities (C) = ({, 0) Yc (0) and Zi_ (^) = 
ef (e,0)F^(0). 

3.2 7D black 3- brane 

The 7D black 3- brane is realized by wrapping the M5 brane on the 2- cycles of K3. 
The three remaining space directions fill part of the seven space time dimensions. 
The 3- brane is electrically charged under the [/^^ (1) gauge group symmetry of the 
A/" = 2 7D supergravity theory. The solutions for 7D black 3- brane are given by the 
dual of the previous black hole ones. 
The electric charges 

q^={q\...,q''), (3.81) 

are given by the integral of the real 7-form flux density through the basis of the 7- 
cycles 5"^ X 



^7), A=l,...,22, (3.82) 

55 



27 



where the real 5-sphere is normahzed as, 

/ = 1. (3.83) 

In the above relation, the real space time 7- form !Fj is the Hodge dual of the field 
strength JF4 = dC^ considered previously. 
The black 3-brane potential 

Vl^nf (3.84) 

is obtained by dualizing the Weinhold potential of the 7D black hole (13. 5p . This scalar 
potential can be defined either by using the inertial coordinates frame {^} or, in general, 
the curved one. 



3.2.1 Effective potential 

In the inertial coordinate frame {^}, the black 3-brane potential Vj_^^^~^ reads as 
follows, 

3 19 
a,b=l I,J=1 

where Za and Zj_ are the dressed electric charges dual to the dressed magnetic Za and 
Zj. They are given by. 



^^ = EaIi?^4 , 4 = 4(0 



(3.86) 



where the £^ and 4 related to the and Lj of eqs (]3.7p as follows 

44 = 5f , 44 = 4 (3.87) 

The matrices £^ satisfy constraint relations similar to those satisfied by given by Cj. In 
particular, the analogue of (13. 7p reads as 

^Tr^f4 = Vgh, ^Tr44 = Vu- (3-88) 
We also have the factorization of the dilaton, 

4 = e^'^Ll 4 = e+^Zi, (3.89) 

as well as _ _ _ _ 
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Putting these expressions back into eq fl3.85p . we obtain the factorization 

VltltK0 = e-^^'^V3(0, (3.91) 

with 

3 19 

V3=Y, ^-ZaZb+ J2 ^-^lZi- (3.92) 

a,b=l I,.J=l 

Moreover, using the usual electric/magnetic duahty relation between the electric and 
magnetic charges namely 

PAq^ ~ 5f , (3.93) 
it is not difficult to check that we have the following relations, 

Z^Z, ~ 5% Z'-Zj_ ~ 4, (3.94) 

defining the duality between the dressed electric and magnetic charges. 

3.2.2 Criticality conditions 



The solutions of the criticality condition of eqf l3.85p are quite similar to those ob- 
tained for the 7D black hole. In fact they are precisely the duals; and they may be 
obtained directly by making every where the substitution 



e 



+0- 



Z^^Za , Z^-^Zi_. (3.95) 



The classification of the BPS and non BPS 3-branes is given by the dual of eqs fl3.64t - 
I3.80p . Then, we have: 

(1) \BPS black 3-hrane:Za ^ (0, 0, 0) , = 0, V/. 

This is a supersymmetric state preserving eight supersymmetric charges and has a critical 
ADM mass as 

(3.96) 

with 

■Madm 



BPS 



\ \a,b=l 



3-branc horizon 

(2) non BPS 3-brane: type 1, = (0, 0, 0) , (0, 0) . 

This is a non supersymmetric state with critical ADM mass {J^adm)^ given by: 



< (^Madm 
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^ d^Zj^Zj^ . (3.98) 



\LJ=1 



3-brane horizon 
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(3) non BPS 3-brane: type 2, Za ^ (0, 0, 0) , (0, 0). 

Its critical ADM mass is given by 



M 



ADM 
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h \\^ 



^-ZaZ, + E ^-^L^l ' (3-99) 



3-brane horizon \I,J?:<J / 3_brane horizon 



where some (not all) of the geometric dressed charges as well as the matter ones are 
equal to zero. 

4 Fields and fluxes in 7D supergravity 

In this section, we study the field content of the 7D M = 2 supergravity. This 
analysis is not new; but it is useful for two things: First to fix the ideas; in particular 
the issue regarding how the 7D field spectrum is generated from IID M-theory on K3. 
Second, it allows to physically motivate the derivation of the Dalbeault like basis {fia, 
(11. 2p of {K?), R) that we will develop in the next section. 

We consider the IID- M-theory compactified on K3 determining an effective ID M = 
2 supergravity at Planck scale. Under compactification on K3, the eleven dimensional 
3-form gauge field Cl}^p (x«) = Cj^^p, 

CMNP^Cl^Np{x',y'), y^K3, (4.1) 

with 

-V I iXy J ' * * ! ) 5 

x^^ = (x°,...,x6) , (4.2) 
y' = (x^...,x^°) , 

decomposes into: 

(i) a 7D space time real 3-form gauge field C^i^p (x) (the membrane gauge field in 7D 
space time). It is dual to a rank 2- tensor B^^, field. 

(ii) twenty two (22) 1- form gauge fields ( 7D space time gauge particles). 
As these gauge particles play a central role in this study, let us give more details. 



4.1 IID gauge 3-form on K3 

The 7D M = 2 supergravity theory we are considering here is very special. It is the 
super symmetric field theoretic limit of the IID M-theory on K3. 

This 7D theory has an abelian f/^^ (1) gauge symmetry captured by 22 Maxwell type 
gauge fields 

= dx^At (x) , (4.3) 
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with gauge transformation 

A^^A^ + d [e^) . (4.4) 
The corresponding 22 gauge invariant field strengths are 

= dA\ = *{:F^) a = 1, ■ ■ ■ , 22. (4.5) 

where 

= dx^'dx^J^^^^^Y (4.6) 

The gauge invariant 5- form is the Hodge-dual of JF^ in seven dimension space time. 
For simplicity, we shall drop out the sub-indices 2 and 5, 

j^^-^j^"" , g^^g"-. (4.7) 

The gauge fields .4^ follow from the compactification of the gauge 3- form 

= dx^'dx^'dx^Cllf^p^ . (4.8) 

Denoting by T-C\^^ the gauge invariant 4- form field strength of C^^^ and by Tij^^ the 
IID Hodge dual of Ti-l^^ , then the 7D gauge fields A^, and can be defined as: 

(WD I -xjWD 



A^= / Ca, \ n\'^, g^= / 7^1^^, (4.9) 

Jvl/A JvJ/A JvpA 

where G H2 {K3, R) is a real basis of 2-cycles. 

The integration of the field strength JF^ (resp. g^) throughout the sphere S^^ (resp. S^) 
give the magnetic (resp. electric) charges (resp. q^), 

A / T-A „A 



p^= J^^ , q^= g^. (4.10) 

Up on using eqf l4.9p . these magnetic and electric charges can be also put in the following 
way by using IID gauge fields and the second homology basis {^^} of K3, 



„A _ Tfi i.WD\ (4-11) 



The magnetic charges and the electric ones q\ obey the usual Dirac quantization 

dSSSD. 
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4.2 Two 7D N = 2 supersymmetric representations 

From the view of the 7D M = 2 supergravity, the 22 gauge fields A'^ do not carry the 
same supersymmetric quantum numbers. It happens that the and the corresponding 
field strengths T^^^, and * {p^j^^) split into triplets and 19-uplets as shown below, 

K) = {AD e K) , (4.12) 

and 

i^H.) - i^U) ® ' (4-13) 

as well as 

* (^^.) = * (^;.) e * (^^.) . (4.14) 

The component fields JF^^, and * (^^,^) transform as real vectors under SO (3); but 
like real scalars under SO (19). 

Similarly, the component fields JF^^ and * (J^l^y) transform as real scalars under 
SO (3); but like real vectors under SO (19). 

This property translates the fact that the 22 abelian gauge fields belong to two different 
7D N — 2 supersymmetric representations, namely the 7D H — 2 supergravity multiplet, 
denoted as, 

G7D^=2. (4.15) 

and the ID J\f = 2 gauge multiplets 

{V7DM=2Y, 7 = 1, ...,19. (4.16) 
Below we comment briefiy these two representations: 

4.2.1 Supergravity multiplet Q7D,Af=2 

The component fields content of the 7D J\f — 2 supergravity multiplet Q7dj^=2 reads 
as follows: 

Bosons : G/^y (x) , C^yp (x) , A'J^ {x) , a (x) 

(4.17) 

Fermions : (x) , {x) , xi (•«) , xl {x) 

The first line refers to the 7D bosonic fields; they describe respectively the 7D graviton 
Gf^u, the 7D antisymmetric 3-form gauge field C^up, the space time 1- form gauge fields 
triplet A^j^ and the 7D dilaton a. 

The second line refers to the 7D fermionic field partners namely: 

(i) two 7D gravitinos {ipl^^ipl^ 

(ii) two 7D gravi-photinos {Xa^Xa)- 
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Both of these fermionic fields form isodoublets of the USPr (2, R) automorphism symmetrjj^ 
of the 7D A/" = 2 superalgebra. 

4.2.2 Abelian gauge supermultiplets 

The component fields content of the nineteen ID Af = 2 abelian gauge supermulti- 
plets V^^ _^=2 is given by 



Bosons : A,, 



(4.18) 



Fermions : A^^ , A^^ 



Each multiplet V7D,Af=2 consists of : 

(i) a 7D gauge field A^, which is a singlet under the USP (2, M) , 

(ii) two 7D fermions (A^, A^) forming an isodoublet under the USP (2, M) automorphism 
symmetry of the 7D M = 2 superalgebra 

(iii) three 7D scalar fieldffl 0" = 0^ <f) forming an USP (2, R) isotriplet. 

The gauge fields (14.181) capture different quantum numbers of the SO (3) x SO (19) 
isotropy symmetry of the moduli space Mj^'^ 

Mr ^ax so (1.1). 9^ soi3)tso\i9y '"^) 

where 5*0 (3) should be thought of as the R- symmetry group U SP (2, M). For the matter 
multiplet (V7D,A/'=2, see footnote 5), we have 

Bosons: ^ (4.20) 

(j)"^ ~ (3,19) ^ ' 

and 

Fermions: (A^', A^^) ~ (2,19) , (4.21) 

where (s, 19), with s = 1, 2, 3, refer to SO (3) x SO (19) representations. 

A quite similar classification can made for the fields of the supergravity multiplet Q7d,m=2- 

The quantum numbers of the supergravity fields under the SO (3) x SO (19) isotropy 



^Thc automorphism group USP (2, M) of the 7D Af = 2 superalgebra is related to the SO (3) isotropy 
symmetry factor of the moduli space. The homomorphism is given by the usual relation a;^"''-' = 
J2 {(JaT'^ mapping the adjoint of USP (2, M) to the 3- vector of SO (3). 

®For simplicity, we shall refer to the gauge multiplet V^^"^ as matter and to the gravity Gtd^'^ as 
geometry. 
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symmetry is as follows: 



and 



G^. ~ (1,1) , 

Bosons: " ' (4.22) 

~ (3,1) , ^ ' 

a ~ (1,1) , 



Fermions: W.' f "J ^ (2> 1) , (433) 

(Xi, ~ (2, 1) . 



Notice that all the fields of Qt 0,^=1 are scalar under SO (19); but can be either isosinglets, 
isodoublets or isotriplets under SO (3) - USP (2,E). 

In what follows, and in order to alleviate the notations, we shall drop out the 7D 
spinor index a (Roman character). We will use the index a {in Math character) to refer 
to the isospin 1/2 representation of the USP (2, M) symmetry group. The two gravitinos, 
the two gravi-photinos and the nineteen gaugino doublets will be collectively written as 
follows 

Xi = ixl Xl) - = {X\ X') , (4.24) 

where the space time spinor index a has been dropped out. We also have the relation 
between USP (2, M) and SO (3, M) , 

2 

<^"'= E <P<l^^"^^' ' a =1,2, 3, (4.25) 
where 0*^"^-' stands for the symmetric part of 0"^. 



5 Deriving the {Qa^ Q/} basis of H'^ {K3, R) 

In this section, we use physical arguments to construct one of the basis tools to 
deal with the special hyperKahler geometry (SHG) of the IID M- theory on K3. This 
construction concerns the derivation of a " Dalbeault like" basis {Qa,^i} of the second 
real cohomology of K3. This is a real 22 dimensional 2-form basis of {K3, M) 

{na,^i}, a = 1,2, 3, 7=1,..., 19, (5.1) 

with the particularity of combining both the K3 Kahler 2-form 

n° = (5.2) 
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and the associated complex holomorphic and antiholomorphic 2-forms 



(5.3) 



in an SO (3) isotriplet 

fi" = (^]+,^]°,^]-) . (5.4) 

This operation corresponds naively to combining the Kahler tj = and complex defor- 
mation zf moduli of the metric of K3 into 19 isotriplets with a = 0, ±. 
The 19-uplet 2-forms flj, which turn out to be equal to the covariant derivative of fi"; 
i.e 

nj = Vain\ (5.5) 

can be imagined as the real 2-form generating SO (3) spherical deformations of the metric 
of K3. 

To that purpose, we start by recalling some useful results on the special Kahler 
geometry (SKG) of lOD type IIB superstring on CY3s; in particular the role played by 
the Dalbeault basis of (C*^3, R). Then, we derive eq fl5.ip by using constraint relations 
from 7D M = 2 supergravity theory. More analysis on the the special hyperKahler 
geometry (SHG) set up using the basis (15.11) will be developed in the next sections. 

5.1 General on SKG of CY3 

Following ??, the third real cohomology (X3,M) of the Calabi-Yau threefold 
can be Hodge-decomposed along the third Dalbeault basis as follows, 

(X3, M) = (X3) ®s H^'' (X3) (Bs H''^ (X3) (Bs (Xs) , (5.6) 

where the subscript s stands for the semi-direct cohomological sum due to non vanishing 
intersections. 

The above Hodge decomposition corresponds to make a change of basis from the usual 
real symplectic basi^ of (X3, M) namely, 

ttA , , A = 0,....,/i2,i (5.7) 

to the Dalbeault basis 

^^3 , D.n-, , D-n^ , ^3 , (5.8) 

where i = 1, h^'^ {CY3). 

In the above relation, ^3 e H^'^ {CY3) and G H^'^ {CY3) stand respectively for the 

^In this subsection a. a and f3^ are 3- forms of {CY3); they should not be confused with the Hodge 
basis of (K'i) denoted by the same letters. 
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usual holomorphic and antiholomorphic 3- forms on the Calabi-Yau threefold X3. They 
are expressed in terms of a.\ and (B^ like 

Here, the moduli space coordinate variables 

z = {z') , z= (^#) , z° = 1, (5.10) 

are the complex structure moduli describing the complex deformations of the metric of 
X3 and 

{X^z) , F^{z)}, (5.11) 

with the property 

{X\F,)^efi'^X\F,), ^ = 0. ^ = 0, (5.12) 
is a basis of symplectic holomorphic fundamental periods of ^3 around the 3-cycles 

= / f^3, Fa= [ ^3. (5.13) 



'A^ JBa 

Recall that the set of real 3- forms [a^, f3^^ satisfy the symplectic structure 

(aA,/3^) = Si , 

(aA,as) = , (5.14) 
</3^/3"> = , 

where the inner product of two 3- forms F and G is defined as 

{F,G)=[ FAG = -{G,F). (5.15) 

JcY3 

By Poincare duality of the 3-forms {q;a,/3^} on the Calabi-Yau threefold, we also have 
the set of real 3-cycles 

{A\Ba} , (5.16) 

dual to (15. 7p and generating the third real homology (CF3,M). The basis [ct/^,f3^^ 
and its dual [A^,Ba} satisfy 
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We also have the following fundamental relations of special Kahler geometry 



{^3,^3) 



-K 



-K 



(5.18) 



together with (see also the appendix) 



(03,^^3) 



(l]3,fi3> =0 

{D,a,,U^) =0 



(5.19) 



Recall also that the Dalbeault basis (15. 8p of the cohomology of CY3 has been shown to 
be particularly convenient to deal with the two following things: 

(1) the SKG of the lOD type IIB superstring on CY3; in particular in the study of the 
effective scalar potential of 4D M = 2 supergravity and the characterization of the BPS 
and non BPS 4D black holes. 

(2) the development of the "new attractor" approach of the 4D M = 2 supergravity and 
4D M = 1 supergravity with fluxes [621 [63] . 

Our purpose below is to build the analogue of the above relations for the SHG of the 
IID M-theory on K3. Using special features of the Hodge decomposition of the second 
real cohomology of K3, we show that the analogue of eq fl5.8p is, in some sense, given by 
(15. ip where Via is an real isotriplet and VLj is a real 19- up let. 

Because of the formal similarity with eqs (l5.8l) . we will sometimes refer to the basis (15.11) 
as the Dalbeault like basis for the second real cohomology of K3. Nevertheless, one 
should note that there is a basic difference between eqs (l5.8l) and (15. ip : the first one deals 
with complex deformations of CY3 while the second deals with the combined Kahler and 
complex deformations of K3. 



In this subsection, we derive the Dalbeault like basis (15. ip by using special features 
of the underlying symmetries of the 7D M = 2 supergravity field theory; in particular: 

(1) the splitting of the fields content of 7D A/" = 2 supergravity in two irreducible 
supersymmetric representations, 

(2) the combination of the Kahler and complex deformations of the metric of K3. This 
combination allows to group altogether the deformations moduli into isotriplets. 
These two properties are not completely independent; they are in fact different ways to 
state the implementation of the SO (3) x SO (19) isotropy symmetry of the moduli space 
M^£^^ in the supergravity field theory. 



5.2 A special basis of H2 {K3^R) 
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5.2.1 Supersymmetric representation constraints 

The 7D M = 2 supergravity embedded in IID M-theory on K3 has several space 
time fields with different quantum numbers. For instance, the 22 abelian gauge fields 
= dx^A^ with 

A _ / nllD 



A^= / Cg^^^, A = 1,...,22, (5.20) 

belong to two different irreducible representations of 7D M = 2 supersymmetric algebra. 
These supersymmetric representations correspond to the gravity multiplet 

<37D,M=2. (5.21) 

and the gauge (matter) supermultiplet 

V^D,^^=2. (5.22) 

From eqs (l4. 17114. ISp . we see that the gauge fields of eq fl5.20l) split into two basic sets 
(1112]): 

(i) 3 gauge fields Aj^, belonging to the gravity multiplet Q7d,m=2- 

(ii) 19 gauge fields Ajj^, belonging to the gauge multiplets V^jj j^^2- 

Splitting the system {A^} 
As noted before, the gauge fields A^ and .7-"^ are not exactly what it seen by A/" = 2 
supersymmetry in the 7D space time. What required by the irreducible representations 
of the 7D A/" = 2 superalgebra are precisely the gravi-photon isotriplet 

Af^ = Af^{x) (5.23) 

and the Maxwell gauge fields 

4 = 4 (^) (5-24) 
describing 19 "photons" in the gauge sector. 

This means that the "physical quantities"; in particular the gauge fields Af^ and Aji as 
well as the corresponding field strengths JF^^ and J-'^^ can be defined as linear combina- 



tions of A^ and as follows 



(5.25) 

where the decomposition coefficients = (0 local field tensors whose interpre- 
tation will be given in a moment. 
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To fix the ideas, think about the 22 x 22 matrix, which can be spht hke 

Ql= (Q-a^Q-a) , (5.26) 

as an orthogonal matrix 

Q| e SO (3, 19) . (5.27) 

Similarly, the gauge fields Aji and the corresponding field strengths JF^^, may be defined 
as well as linear combinations of and JF^ like, 

(5.28) 

•^fiu ~ Z^A=1 ^A'^fiu 

where Q;^ are as in eqf l5.27p . Moreover, inverting eqsf l5.25tl5.28l) as follows, 

(5.29) 

where the decomposition coefficients L|- and Lj are local fields, we can get information 
on the matrices Qj^ and L^. 

Substituting the decomposition (15.291) back into (15. 25115. 28|) . we get the following relation 

3 19 22 

E Ql^i + E ^ E = ^A- (5.30) 

a=l 7=1 T=l 

Using the fiat metric tensors 77^^ = +Sab and r^^j = — of the inertial frame, we can 
put this relation into the form 

QUlah^T. + QUllJ^T. = ^AS; ^^722x22-^ = ^722x22 (5.31) 

which is precisely the 5*0 (3, 19) orthogonality relation we have described in sections 2 
and 3. 



5.2.2 The dual of {fi^, fi/} 

7D M = 2 supersymmetry puts a strong constraint on the underlying SHG of the 
7D supergravity theory. It requires a particular real 2- cycle basis of H2 {K?)) 

{5" , B'] , (5.32) 
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which allows to define the gauge fields A^^ and of the supergravity theory like 
Gravity : = Jg„ C^^^ , 3 gravi-photons 

(5.33) 

Matter : = J^j C^^^ , 19 abelian gauge fields 

To get the relation between the new basis {5^5^} with a = 1,2,3, / = 1,...,19, and 
the old one 

{^^}, A = l,...,22, (5.34) 
considered previously, we proceed as follows: 

(1) start from the gauge 3-form C\^^ of the IID theory and compactify on K3. By using 
the {^P^} 2- cycle basis, we get 

A^= ! Cg"^, A^ = dx^A^. (5.35) 

If instead of (15.341) . we use the 2- cycle basis {5", -B^}, we end with the relations (I5.33p . 

(2) compare the two expressions by using (15. 25115. 25]) : we obtain 



Aa _ sp22 / r r>nD\ 

— Z^A=1 Va U*a l-s ) ' 

_ Y^22 ( r nrllD\ 

•^2 — Z^A=1 Va U*a -^a ) ! 

and ^ 

= Z]a=i Q\ U^if^ ' 

^2 = Z]a=1 '^A (/^a ^i^^) 

But, these relations read also as follows 

Aa _ r nllD -r-^L _ r rllD 

~ Jb" '-'3 ' 2 — Jfia 4 

aL- r c^^D T-- [ 

[51 = Ea=i Ql [^1 , 



(5.36) 



(5.37) 



(5.38) 



ID 



with 



(5.39) 



or equivalently 
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a=l 1=1 
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These similarity transformations show that the gauge fields {Aj^, Aji) and the 2-cycle 
basis are related in same manner as do the gauge fields with the basis 

Building the 2-cycle basis {5" , -B^} 
The "physical" 5 gravi-photons of the gravity multiplet and the 19 "physical" abelian 
gauge fields Aji of the matter multiplets can be defined in terms of the {B°-, S^} 2-cycle 
basis of H2{K3, R). This is a real 22 dimensional canonical basis 

{5°, 5^}, a = 1,2, 3, / = 1,...,19, (5.41) 

dual to {ila, and it is related to the old basis {^^} by eqs fl5.39l) . 
Poincare duality associates eq (l5.4ip and eq fl5.ip through the relation. 



where A = y ^ and ^ = y with = ^ Ci^i, are as in eqs (l23I|) . 

Thus, the physics of the 7D A/" = 2 supergravity theory teaches us that eqs (l5.ip (resp. 

f l5.4ip ) is the natural basis of the second real cohomology of K3 (resp. H2 {K3, R)). 

Checking eg5 fl5.m5.4ip 

To check the naturalness of eqs fl5.m5.41]) . we compute the magnetic charges of the black 
hole and compare them with the results obtained in section 3. 

With the gauge field strengths ^J^f, J^^j defined as in eqsf l5.38p . the "physical" magnetic 
charges are given by 

/" J^f , m^= /" J^l . (5.43) 

Using eqs fl5.25H5.28p . we can put the above relations in the form involving the field 
strength JF^ and the field coordinates of the moduli space of the theory, 

22 

/s^ -^2" = X] (/s2 ^2) y 

A=l 

(5.44) 

22 

A=l 

Then using the identity ~ considered in section 3, the above relations can be 

'-'00 

reduced down to 

jg2 ^2 — X]a=i P~Q'a_ 1 

(5.45) 



js2 ^2 — X]a=i P^Qa 
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Comparing the expressions with eqs fl3.7l) . we find that the physical magnetic charges m- 
and m- are precisely the dressed charges; 

m^ = , m^= , (5.46) 

involved in the supersymmetric transformations of the Fermi fields of the 7D M = 2 
supergravity theory [M]-[66]. 

5.3 More on the basis {ila, il/} 

The real 22 dimensional 2-form basis {fia, fi/} of (-^^3, R) has also an inter- 
pretation in terms of the Hodge decomposition of the second real cohomology group of 
K3, 

{K3, R) = if(2-o) ^(1,1) ^(o,2)_ (5 4-^) 

This Hodge decomposition has a particular property which we comment below: 

5.3.1 The isotriplet 

Compared with the Hodge decomposition of the half dimensional cohomology if" {CYn 
of generic complex n dimension Calabi-Yau manifold, namely, 

i/" {CY, R) = 0^ H^o^n)^ ^^^^^^ 

eq( l5.47p is particular and makes K3 a very special Calabi-Yau manifold. The point is 
that for the particular case of complex n = 2 Calabi-Yau surfaces, it happens that the 
holomorphic and anti-holomorphic 2-forms 

, (5.49) 

as well as the Kahler 2-form 

(5.50) 

belong all of them to the same cohomology group. 
The property that fi^^.o)^ ^(0,2) 

are in the same second cohomology of K3 allows 
us to combine altogether the complex moduli 

Zi = Xi + iyi = zf , Zi = Xi- iyi = z'^ , (5.51) 

and the Kahler ones 

U = z° , (5.52) 

to form SO (3) isotriplets 

a = iU, x„ y,) ^ a= {zl zt, zr) . (5.53) 
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Recall that these moduli are given by the following integrals 



'^t ~ Ici ' ~ Ici ' 

z- = J^n- , yi = J^lmn+ , (5.54) 



where {Ci} is a generic basis of real 2-cycles of K3 and where we have set, 





n+ = , 




n- = 


IF = n+ , 


(5.55) 








For later use, we also set 






Re fi+ = 




(5.56) 


and. 






{F,G)= [ FA G, 


F, GeH^ {K3) . 


(5.57) 


Jk3 






The above inner product is bilinear and symmetric 




{aF + bF', G) = 


a (F, G) + b {F\ G) , 


(5.58) 


{F, G) 




Using the orthogonality relations. 








= , 






= , 


(5.59) 




= , 





and the identity 

{VL-,VL+) = 2(^]°,fi°) , (5.60) 

required by SO (3) symmetry, it is not difficult to see that we also have the orthogonality 
relations 

^f) = {n\ = (^]^ 1]°) = 0, (5.61) 

together with 

{Q\ Q^) = {Q\ Q^) = . (5.62) 

Eqs (15. 59115. 621) can be put altogether in the following relation 

(^^^]^) = Ar^ (5.63) 

where the real number can be determined by computing A = ^5ab (^", ^^)- 
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5.3.2 The 19- uplet Vlj 



The metric of the complex surface K3 has two kinds of deformations: 

(i) Complex deformations (2;/, ^7) captured by the periods of the holomorphic and 
antiholomorphic Q~ 2-forms. 

(ii) Kahler deformations tj captured by the periods of the Kahler 2- form Q^. 

Here we want to show that the real 2-form Qj is given by the following 5*0 (3) invariant 

rii = D+ifl^ + D^in- + Doiil^, (5.64) 
where -Do,±/ are covariant derivatives to be defined later on. 



(1) Complex holomorphic deformations 
The complex holomorphic deformations fl5.54p with moduli z~^^ are generated by the 
typical complex (1, 1)- form Q^j following from the complex variation 6Q~^ of the holo- 
morphic 2-form 
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5n+ = i^Xi) ^^^^^ ^Xi = D+in+. (5.65) 
1=1 

The gauge covariant derivative D^jQ^ is defined in term of the gauge field associ- 
ated with the coordinate transformations of the moduli space of complex deformations, 
as follows 

D+jn+ = (^-^ - (5.66) 
Under a Kahler gauge transformation with holomorphic gauge parameter f [z) 

^ e'(^)n+ , (5.67) 
the covariant derivative Dj^iVL^ should transform in same manner; i.e 

^ e^(^) {D+1VL+) . (5.68) 

So we should also have 

di iz) 

A^i ^ + (5-69) 

Notice also that the complex moduli {-2'''^} parameterize the complex 19 dimension 
manifold 

SO (2, 19) 

SO (2) X SO (19) ' ^ ' ' 
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which is a submanifold of the moduh space (14.191) . 

Notice moreover that we also have the following trivial variations 



Using the real notations, 



and the parametrization 



i{z) = r{x,y) + i9{x,y) 

d9{x,y) dr{x,y) 

dx dy 

dr{x,y) dd(x,y) 

dx dy 



(5.72) 



(5.73) 



the Kahler gauge transformation of real 2-forms and read as follows 

J \ -r^isin^ + fi^cos^ y ' ^ ' ' 

where r (x, y) and 6 {x, y) are respectively the local scale and local SO (2) transforma- 
tions. 



(2) Complex antiholomorphic deformations 
Along with the z~^^ complex moduli, we have also the antiholomorphic moduli f l5.54p . 
They correspond to the variations. 



nzi = D^jVi- = (nlj). (5.75) 

We also have 



=m =0 



Ka=± 



(5.76) 



which are just the complex conjugation of eqs (l5.7ip . 

With the above relations, one can define the complex deformation tensor as 
The trace of this deformation tensor is SO (2) invariant and reads as follows 
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Moreover, using the decomposition fl5.72p . we have the following identities 



(50- 1 ( 6n^\ i f5Q? 50} 
+ 



(5.79) 



and 



5z-i 2\5x^ 5y^ J 2\ 6x^ 5y^ 



(5.80) 



from which we read 



6z+^ 2 V Sx^ 6y^ J 2 V Sx^ Sy^ 
6Q^ SQ^ SQ^ 



(5.81) 



6x^ 6y^ ' 6x^ 6y^ 
Using the identities (I5.79H5.8T1) . we can rewrite the deformation tensor Q'^j in the real 
coordinate frame as follows 



2 



^ai={ 1, a,b= 1,2. (5.82) 



^2/ ^2/ 

The trace is 

5n+ 5n-\ /sn^ sn"^ 



(2) Kahler deformations 
The Kahler deformations f l5.54p of the metric of K3 captured by the real moduli a and 
are generated by the variation 50° of the Kahler 2-form, 



50° = 0°5t^ j + 0° 5a, 0° = 



90° 



(5.84) 



da 

By setting = z^^ , we can put the above relation into the form, 

50° = (^J]0°,5z°') + (0°5a) , (5.85) 

with 



0°, = (Do/0°) 
-Do/0° = — Aqj ) 0° 



(5.86) 
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where Aoj {t) is the gauge field capturing the local scale transformation 

drit) 



A. 



01 



A01 + 



dti 



(5.87) 



The real deformations [t^^ and a parameterize the real 20 dimension manifold 

^0(1,19) 



SO (19) 



X 50(1,1). 



(5.^ 



This is a submanifold of the moduli space fl4.19p and can be thought of as the transverse 



space to the space 



SO(2,19) 



50(2)x50(19) 

We also have the analogue of eqs (l5.7ip 



(7° 



eq (l5.70p in the full moduli space 



50(3,19) 
50(3)xSO(19) 



OP 



5.3.3 Deformation tensor 









X 50(1,11 



(5.89) 



From the above analysis, we learn the two following remarkable properties: 
(1) the moduli {ex, t^, x^, y^} describing Kahler and complex deformations of the metric 
of K3 parameterize the space 



50(1,1) X 



50(1,19) 
50(19) 



X 



50 (2,19) 



50 (2) X 50 (19) 



(5.90) 



with isotropy symmetry 50 (2) x 50 (19). as mentioned earlier. This is a sub-manifold 
of eg flCTjl . 

(2) the 3x3 deformation matrix (^^^7), capturing both the Kahler and complex defor- 
mations of the metric of K3, is generally given by 



(5.91) 



However, because of eqs fl5.71|5.76|5.89p . this matrix reduces to the diagonal form 





"0/ 


0+ 
"0/ 


^01 


\ 




















) 













\ 







"0/ 









I 







1 



(5.92) 



Eq fl5.92p captures the 1-1-57 deformations of the metric of K3; the dilaton can be exhibited 
by factorizing it as follows: 

""^i- (5.93) 



"a/ 
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However, seen that dimH"^ {K3,M.) = 22, and seen that three of the vector basis of 
{K3, M) namely fla have been already identified, it follows that the remaining nineteen 
2-forms vector basis are given by 

nj = n^j + n^j + nlj. (5.94) 

This trace is precisely eqf l5.64p : and it reads, in the real notations, as follows 

2 

ni = J2 (Dam = E ^^-^^'') • ^5-95) 
a=0 a=0,± 

Notice that gauge transformations 

^ e"WnO(t) , 

Q+{z) e^^'^Q+{z) , (5.96) 

n-(z) e^(^)fi-(z) , 

as well eqsf l5.74l ) and (15.871) . are not the most general one. The most general gauge 
change for the isotriplet 2-form Q"- = Q"" (0) should be like 

fi" ^ e^{UI^Q'') , (5.97) 

where [/^ = (0) is a local SO (3) gauge transformation and exp [A (0)] being a local 
scale factor. 



6 SHG: the basic relations 

The special hyperKahler geometry (SHG) of the moduli space of the IID M-theory 
on K3 can be nicely described by specifying: 

(1) the usual Hodge 2- form basis {cka? ^ = 1; ...,22} and its dual 2-cycle basis {^^} 
of H2 {K3, R) satisfying 

/ «s~<5i (6.1) 

(2) the new basis {Qa, ^1} with Qj = Dai^"^ and its dual 2-cycle basis {-B", B'^ consid- 
ered in previous section. 

The "old" real 2-forms basis {cka} and the "new" {Qa,^i} one are globally defined on 
K3; they generate the second real cohomology group H'^ {K3, R). The passage from the 
old Hodge basis cka to the new basis {fia, ilj} is given, at each point 99™ = (cr, 0"^) of 
the moduli space, by the similarity transformations 
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The expansion modes and (yj) are local fields on the moduli space and can 

be interpreted as the periods of Via and Vti over the 2-cycles as shown below, 

xHv)= UA ■ ^ ■ ^ 



The 2-forms Qa and Qj are defined up to a local 5*0 (3) x SO (19) gauge transformations, 

(6.4) 



with 



(6.5) 



where 99 parameterizes a generic local point on M^^"^ . 

6.1 Fundamental relations 

The constraint eqs( ]5.59tl5.63p describing the Kahler and complex deformations of 
the metric of K3 can be reformulated in an SO (3) x SO (19) covariant manner by using 
the basis {fia, VLj} and the symmetric inner products (fi^, fi^), Vtj) and so on. Notice 
that the inner product (F, G) of generic local 2-forms F,G & {K3, M) is defined as 



(F,G) = / FAG. (6.6) 

Jk3 



It is bilinear and symmetric. 



6.1.1 Gauge invariant constraint eqs 

Because of their local nature and because of their symmetries, the constraint eqs (l5.59l - 
I5.62P can be rewritten as follows: 

((^«(cr,0),(^,(cr,0)) = 5t , 

{nAa,<P),Qi{a,<P)) = , (6.7) 
{nAa,(P),nj{a,4>)) = 6'j . 

These relations are gauge invariant under the SO (3) x SO (19) local gauge transforma- 
tions (16.41) : thanks to the local orthogonality relations 

S'a= u:{^)UA^)6'!: , UeS0{3) , 

6'j= VjHv)Vk{v)Sf , 50(19) . 
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Now, think about the 51 and 5j invariants as the products of the local field matrix Kab 
(resp. Klj) and its K"-'' inverse (resp. K^^); 



81= /C-(<^)/Ce6(^) = K'^'^{<P)K,,{<P) , 

with the field matrices K,ab and /C/j factorized like, 

/C-(a,0)= e+'^K-(0) , /Ce6((T,0)= e-'^K,b{<i>) , 

/C^^(a,0)= e+'^K^^(0) , /Cij(a,0)= e-'^K^j (0) . 

Then put back into eqs fl6.7p . we can bring it to the following covariant form 



(6.9) 



(6.10) 



(fi,, fife) = e-2-ir,fe , (fi«, fi^) = e+^-iT'^" , 

(fi„fi,) = , (fi^fi^) = , (6.11) 

Moreover, setting fi^ = fi^ (a, 0) and fi/ = fi/ (cr, 0) as 

fi, = e-'^w^ (0) , VLi = e-''wi{<P) , (6.12) 
the above eqs reduce further down to 



{wa,wi)=Q , (ro",ro^) = , (6.13) 

{zui,zuj) = Kij , {w^,w^)=K^-^ , 

where now the dependence into the dilaton field a has been completely factorized out. 
Besides locality, we learn from the above fundamental relations, a set of special features; 
in particular the following. 

Metric tensors and potentials 
First notice that because of the following symmetry properties 

fia A fife = fife A fia , 
the local field matrices Kab and Kjj are real and symmetric 

Kab = Kba , Kij = Kji. (6.15) 

These rank two tensor fields play also the role of metric tensors that can be used to rise 
and lower the 5*0 (3) and SO (19) indices as shown below: 

fia = Kab^\ fi/ = KjjQ.'. (6.16) 
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Under the 5*0 (3) gauge transformations Q'^ = Uj^^b, the matrix Kjj is invariant while 
Kab transforms hke 

K,b ^ K, = U:K,dJt (6.17) 

Eq fl6.17p shows that Kcd captures three physical degrees of freedom (a 3- vector potential 
Ha) since one can usually perform an appropriate SO (3) gauge transformation to put 
Kab ill a diagonal form 

Kb = naSab. (6.18) 

Proposition 3 

(i) The 2-form isotriplet Wa and the matrix potential Kab (0) o,i"g defined up to the SO (3) 
gauge symmetry eq \6.1'l\) . 

(ii) The geometry of the moduli space of the IID M-theory on K3 is characterized by 
a 3-vector potential {kq, ki, ^2). These potentials reflects the hyperKahler structure that 
lives on K3. They could he thought of as the analogue of the Kahler potential of the 
special Kahler geometry of type IIB superstring on Calabi- Yau threefolds. 

(Hi) The real 3-vector potential Ha describes the "physical" degrees of freedom captured 
by the local field metric Kab (0) defining the intersections {tUa, 'oob) ■ SHG is then specified 
by the isovector (kq, 1^1, 1^2) ■ 

Volume of K3 
The SO (3) invariant real volume of K3 reads as 

V{K?>) = ^-K-'{na,nb). (6.19) 

We can write this volume in different, but equivalent, ways: 

First by using eq fl6.2l) . we have, up on integrating over K3, the following result 

V (K3) = \k^' iv) (cp) (^) (cp) , (6.20) 

where Jas if) will be defined below and X^ (ip) as before. 

Moreover, by using the first relation of eqs fl6.1ip . we find that V (-^^3) is given by the 
exponential of the dilaton field 

V (/s:3) = (6.21) 

Notice that V {K3) is non degeneratJ^ only for finite values of a, see also footnote 5. 
Furthermore, using the third relation of eqsf l6.11l ). the volume V {K3) is also invariant 
under SO (19) and can be expressed as well hke, 

e-'" = ^K^' {^i, ^j) = ^K^'X^ i^) JAJ^Xf i^) . (6.22) 
{K3) = 6^^°" for (T — > 00 and to infinity for a —00. 
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Comparing eq (l6.19p and eq fl6.22p . we end with the identity 



^K'-' {Qj, Qj) = Ik^' {Qa, . (6.23) 



(6.24) 



By substituting fi/ = Dai^"^ into the third relation of eqs fl6.11l) . we get 

Kjj = e+^^{D,jQ'',D,jQ') 

Notice that we cannot pull out the covariant derivatives Dai and D^j outside the inner 
product (^Dai^°', DhjVt'^). As such the relation between the matrices Ku and Kab is not 
trivial as in SKG eqs fl9. 24119. 281) . It will be considered later on by using the vielbeins e| 
and their derivatives. 



SHG using old basis 

The constraint relations (16.111) have been formulated in terms of the inner product of 
2- forms Qa and flj. We can also rewrite these constraint eqs by using the Hodge basis 
{cka} as follows: 

(q;a,q;s) = c'^'^Jas , 

=e+2-J^^ , (6.25) 

(aA,a^> =5a 

with 

J^^J^^ = = J^^. (6.26) 

The field matrix Jat can be interpreted as the metric tensor to rise and lower the indices 
A of the 5*0 (3, 19) vectors as 

22 

aA = Y,JArCi^- (6-27) 

T=l 

Eqs (l6.25l) are invariant under the local 5*0 (3, 19) gauge transformations, 

aA = aEPf(^), Pl{^)P^{^)=6l (6.28) 
Using the expansions (16.21) and their inverse, which we write as 

3 19 

CA = J2 (^) + ^^^A ' (6.29) 

a=l 1=1 

we can work out the relations between the field moduli (v^) , X^ {({)) , Ta (</?) , T/ (</?) 
and the matrices Kab, Ku and Jas- 
First we have 

X^{^)JA^Xf{^) =Kab{^) , 

X^{^)Ja^X^{v) , (6.30) 
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Similarly, 

K,, iv) Tl (^) T| (^) + Ku (^) Tl (^) Tl (^) = Jas (^) • (6.31) 
By integrating eq fl6.29p over the 2-cycle \E'^, we also have 

(^) n (^) + (^) (^) = 5^, (6.32) 

showing that the matrix (T^,T/) is just the inverse of (X^,Xj^). 

6.1.2 Inertial coordinate frame 

To get more insight into eqs fl6.7tl6. 11116. 25116. 30p and also to make contact with the 
analysis of section 2, it is useful to rewrite the above gauge invariant constraint eqs in 
the inertial coordinate frame {^}. 

Field matrix potentials 
Using the vielbeins e|, ej- and their inverses e^, e^, we can rewrite the field matrices 
Kab (v^) and Kjj (ip) as 



Kij (</^) = (efejj t]kl (0 , ef = ef i'^, 



(6.33) 



where r]^ (^) = +5^ and rijj (^ = 

Similar factorizations may be done for the real 2-forms Qa and Qj = Dai^l"^. We have 

= eifie(0 
Qj{^) = ef%(0 

Dal = e^efD,_L , (6.34) 



L 



Using these relations, the gauge invariant constraint eqs read in the inertial coordinate 
frame {^} as follows: 

(^, , ^b (^, 0) = e-^'^r/^ , (1^^ (^, , ^- (^, 0) = e+^'^r^^ , 
(f)„(a,O,^^/(fx,O) = , (r]^(a,O,^^Mo^,O> = , (6.35) 

((],(a,0,^^j(a,0) = e-^^r^Xj , (fi^^, , (^, 0) = e+^-^r^^ . 



Setting 



Via = e "Wa 

f2/ = e~°"c:T/ 



(6.36) 
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we can reduce the above relations down to 

{wa{O,^Li^,O) = , {w^{O,zu^{O)=0 , (6-37) 

These relations are invariant under the transformations 

Below, we give explicit computations in the frame {^}. 



Isopin gauge connection Agj (^) 
The spin gauge connection on the moduli space is explicitly computed by help of the 
constraint eq 

{na{a,O,^L{(T,O) = 0. (6.39) 

Substituting 

Dal^^ = dal^^ - Aal^l^, (6.40) 

we first obtain 

{QbAain^) = (nbdai^^) . (6.41) 

More explicit expressions can be written down by using the following SO (3) group 
parametrization 

C/[A(0] =expA(0 

A(0 =ELi^mA^(0 , (6.42) 

with A— (^) and (T^^ = — T^,) are respectively the gauge group parameters and the 
corresponding so (3) Lie algebra generators. We have 

(^^)f = E ^2 (0 (T^n = {^kd^m ■ (6.43) 

m,a=l 

Using the vielbeins, this relation can be as well expressed as follows: 

= 4 (|i) =-»?(§)• (e-"*) 

We can also compute the infinitesimal variation of the gauge field Agj (^). We have 
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with 

DalX = dalX-[Aal,X] 
r> \m _ 9A— rm. Ah. \n 

where = — are the usual so (3) structure constants. 



(6.46) 



Relation between Kjj and Kab via the vielheins 
Starting from the identity 

Kij = {Dai^\Du^''), (6.47) 

and substituting 

Dai^'^ = (/^a/e^ , (6.48) 

we first get 

Kjj = Vi^ {Daief) {Duc'^) . (6.49) 
By replacing 77— = K^^e^ej^^ we can also put Kjj in the form 

Ku = K^^ [e^Daief) [4Pue'^ • (6.50) 

Now using the identities 

elDaie^ = -elDaiel , AjeJ = -ep^jei (6.51) 

following from the variation of (fi", Qg) = 6g, we can bring eq fl6.50p to the form 

Kjj = K^^ {elD^jel) (e^D^ef) . (6.52) 

Then using 

D,j = elDaj , D^j = elDu, (6.53) 
the above relation reads as follows 

Kjj = K3^ [D^jefi {D,jei) , (6.54) 

or equivalently 

Kjj = [elD^jef) {e^D^jei) (6.55) 

Deriving the constraint eqs on the moduli 
To get the constraint eqs in the inertial coordinate frame {^}, we begin by giving some 
useful results 



(6.56) 



"A 




OLA 






- F^F- 

— o^c-Y 


cT 
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where Ej^ and vielbeins. The metric tensor Jas (v^) is mapped to 

JaeM= (^M)^Tr(O , (6.57) 
and the constraint eqs becomes 

(cka, as) = e-^^VAs , 

(a^a^) =e+2-r/^ , (6.58) 



(CKA, CK^) = 5- 



Expanding the 2- forms 'UJa{i) and ti?/ (0 iii the 2- form basis {cka} as follows, 
and integrating over the 2- cycles {^^}, we get 
Substituting these expansions back into (I6.37p . we obtain 



(6.59) 



(6.60) 



LHOriA^LHO = , (6.61) 

These relations, which are invariant under SO (3) x SO (19) gauge change, are precisely 
the defining constraint equations of the moduli space of metric deformations of K3. 



6.2 Metric of the moduli space 

We first give the expression of the metric Qaibj in terms of the matrix potentials 
Kab and Kjj. Then we give the expression of Qaibj in terms of the vielbeins e| and their 
covariant derivatives. 



6.2.1 Factorization of the metric gaibj 

We begin by recalling that the complex and Kahler deformations of the metric of K3 
are captured by the deformation tensor Q'^j fl5.9ip . In terms of this deformation tensor, 
the metric gfj reads in the curved coordinate frame as follows 

2 

<7aW = 7E^'='^(^^^'^W' (6.62) 

c,d=0 
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where 7 is a normalization constant number which can be chosen as 7 = 7i72; with 7^^ 
for the 5*0 (3) sector and 72 for SO (19). For simphcity, we set 7 = 1. 
Using the relation Q'^j = Daifl'^, we can also define the metric in terms of the inner 
product of the covariant derivatives of the isotriplet form like, 

2 

dalbJ = J2 K,d{Dain'',Dain''). (6.63) 

c,d=0 

However, since in the case of IID M-theory on K3, the deformation tensor Qf^^i has only 
non zero diagonal terms fl5.92p . 



the metric gfj gets reduced down to 



(6.64) 



gaibj= 



(6.65) 



Kc,d=l 



Moreover, using the identity Kjj = {Qi,Qj), we get the remarkable factorization 

9aIbJ = KabKjj. (6.66) 

The metric Qaibj of the special hyperKahler geometry of IID M-theory on K3 is given 
by the product of Kjj and Kab- In the inertial frame {^}, the vielbeins e| and ej reduce 
to Kroneker symbols (e| — > 5^, ej 6j) and the metric gaibj — ^ VabVij- 



6.2.2 Expression of Qaibj in terms of the vielbeins 



The relation f l6.66p can be rewritten in different, but equivalent, manners. First, we 
can use the metrics Kab and Kjj to write the metric like 



gfj- 

iJalJ 

9'ai- 
„abj 

dibi ■ 

„/J _ 
Sab - 



- KuK 

- K'^K 

- KfKab 

K^'Kab 



ab 



(6.67) 



We can also use this relation to express K^"^ (resp. Kab) in terms of Qab and K"-'' (resp. 
Kij), 

Kab = giiKjj . 



(6.68) 
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In these relations, the metric gjj can be interpreted as the bridge from Kjj to Kab and 
vice versa. Eq fl6.66p tells us moreover that the vielbeins E^, introduced in section 2 to 
factorize the metric like 

gaibj = E^E^VcdHKL , (6-69) 
get themselves factorized as shown below, 

= elef. (6.70) 

By substituting back in the previous relations, we get 

Qaibj = [elefri^^ {efejrjj^^ , (6.71) 

which is an equivalent way to state (16.661) . Moreover using eq (l6.55l) . we can also put the 
metric in the equivalent form 

9aibj = e^ef (D^ie^) {D^jel) v^dV^K (6.72) 

Eqs (16.661) . (I6.69p . (16.711) and (16.721) are obviously equivalent. 

7 New attractor approach in 7D 

The effective potential of the 7D black hole and black 3-brane have been considered 
in section 3 by using the criticality method. In this section, we complete this study by 
developing the extension of the new attractor approach to 7D space time. We recall that 
new attractor approach has been first introduced by Kallosh [8j in the framework of 4 
dimensional black hole physics and it is remarkably useful in dealing with fluxes. fr2\ E3] 



7.1 Further on criticality method 

The effective scalar potential Vg// = Ve// (</?) of the 7D black attractors is given by 
the Weinhold relation [Ml [65] . This is a gauge invariant quadratic relation (13.51) in the 

dressed charges, 

Za = e-'^Za , a = l,2,3 , 
Zi = e'^Zi , / = 1,...,19 . 

The charge Z^ and Zi are the physical charges (15.461) : they appear in the supersymmetric 
transformations of the gravitinos \^\-, '?/'^}, the gravi-photinos X^} ci-nd the photinos 
{A^} of the 7D A/" = 2 supergravity theory; eqs (l4. 17114. ISp . They induce a matrix mass 
to the fermionic fields and play a crucial role in the attractor mechanism of the 7D black 
objects. 
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The idea of the attractor mechanism is that, at the event horizon of the 7D black objects, 
the attractor potential Veff reaches its minimum and the real field moduli which 

^0(l,l)x50(3,19 
SO{3)xSO{19) 



parameterize ^^o'(r\y.son9)'^ ' S^t fixed by the magnetic (electric) bare charges p^ ( q^) 



of the 22 abelian gauge fields strengths JF^ (dual dual Q^). The gauge invariants fields 
J^2 s-^d follow from the compactification of the IID M- theory on K3 



with fluxes as 



A - r rA 



= , (7.3) 

'-'00 

where the k\S are non zero integers ; k\ E N*. 

Notice that p— and q— are bare (undressed) charges; the physical ones are given by the 
dressed Za and Zj which coincide exactly with magnetic (m°,m'^) and physical electric 
(e'^,e''^). The latter are given by the fluxes of the (3 + 19) abelian gauge field strengths 
{J^2^J^2) (^5,^5) of the 7D A/" = 2 supergravity theory. Using the relations 



^5" = , 



we have, 

m-^ = J^, , = J^i 

obeying the electric/magnetic quantization condition 

m"eb = 2nkJl , 
m'^e J = 27rki6j , 



(7.5) 



(7.6) 



where the kaS and the fc/'s are non zero integers. 

Recall that the relation between (JF2 , ) and JF^ (resp. Q^, Ql and Q^) are related as 
follows. 



Af ^ (7.7) 



where (yj) and Xj^ (</?) (resp and Xj^ ) are as in eqs(- l6.32T) . 

The attractor equations of the 7D black attractors can be obtained by extremizing the 
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effective potential Ve//. This potential has a set of symmetries; in particular it is invariant 
under general coordinate transformations — > ^™ in the moduli space sot3)xso\i9) ■ 
Under the coordinate change , 



a 



(7i 



with the convenient choice C*^ = a, we have 

Ve//(^) = Ve//(C) . (7.9) 

The attractor eqs can be stated in two different, but equivalent, ways. Either in the 
generic curved coordinate frame as 



da 

dVeffia,<t>) _ 

or in the inertial coordinate frame {o",^} like, 

da 

For non singular e| ej{ip,^), the last relation can be reduced down to 

dVeff iO 



(7.10) 



a - , 

bJj^dv^ ^ (7.11) 



-6J 



0. (7.12) 



Leaving aside the conditior09Ve///i9cr = 0, (see also footnotes 3,5 and 10), the solutions 
of eqs (17.121) fix the field moduli in terms of the bare charges pa_. For the case of the 7D 
black hole, we have: 



(</')horizon =fiPa,pi) , (7.13) 

or equivalently in the inertial coordinate frame {^} like 

(Ohorizon =9{Pa,Pl) ■ (7.14) 

(1) Potential in the inertial frame 
In the inertial coordinates frame {^}, the 7D black hole potential V'^bh^~'^ {'^iCj has a 
simple expression in terms of the geometric and matter charges Za (^ ) and ) and 
can be factorized as follows, 

VlY^\<y,i) = e"'^VBH{i), (7.15) 



^^Notice that '^^"^^^'^'^^ = Q requires —2e^^''VBH (C) = which is solved either by ^ oo whatever 
Vbh {£,) is; or by cr = <tq finite and Vbh {£.) = 0. These two cases are singular and so disregarded; see 
also footnotes 1 and 5. 
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with 

Vbh (0 = E ^-^^ (^) (^) + E ^-^i (0 (e) • (7.16) 

a,b I^,J_ 

Since 5— = rj— and 5— = —rj—, we also have 

vbh (0 = E ^-^^ (^) (0 - E ^-^i (^) (0 ■ (7-17) 

Using the identity Z]_ = DgiZ- where D^i is the covariant derivative in the inertial 
coordinate frame, we can rewrite the black hole potential like 

= + E S^D^_iZ'D,_jzA . (7.18) 

\ a,,b l,J J 

The criticality conditions of eq fl7.12p has been studied in section 3; see eqs fl3. 58113. 80p . 
There, it was shown the existence of three non trivial sectors: One of them describes a 
|BPS state and the two others describe non BPS states referred to as type 1 and type 
2. Below, we give a classification of these states by using the sign the semi-norm 

p'={pJ^Pb-PLS^Pj) (7.19) 

of the bare charge vector pA_. 

Notice that because of the SO (3) x SO (19) isotropy symmetry, we can usually perform 
a particular special transformations to simplify the above relations. Instead of dealing 
with the 3 + 19 magnetic charges pa and p/, one can focus on two of them, 

{Pi,P2,P3) (r,0,0) , ^^2^^ 

(pi, ...,Pi9) (s,0,...,0) . 

The SO (3) X SO (19) invariance ensures that the results obtained by using the charges 
r and s are also valid for all others. 

Besides the singular state associated with = and the degenerate case where the 
dressed charges are equal zero, = et = 0, we the following classification according 
to the values of the couple (r, s) : 

(a) I BPS state with (r, s) = (r, 0); rs = 0. 

This state has > and corresponds to 7^ et Z]_ = 0. Entropy S^^pg"^^ is 
proportional to p^, 

^entropy _ ^^2_ ^7 21) 

(b) non BPS state type 1 with (r, s) = (0, s); rs = 0. 

This non supersymmetric state has p^ < and corresponds to = and Zj_ ^ 0. 
Entropy S^^^'^p^^ is proportional to (— p^); 

~ V. (7.22) 
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(c) non BPS state type 2 with (r, s) and rs 7^ 0. 

This non supersymmetric state is characterized by which has an indefinite sign. It 
corresponds to, 

Za ^ ae^C J3 = {1,2,3} 
Z„ = ae{Is/J) , 
Zj_ ^ /e J' cJi9 = {!,..., 19} , 
Zi_ ^ le{lig/J') 

The entropy S^^'^'^^ is proportional to | . 

(2) Potential in curved coordinate frame 
To get the form of the potential in the curved coordinate frame, we use the vielbeins 
and ef^ to rewrite Za and as 

Z = e^Y 

- I ^ ' (7-24) 

Zi =efYK =efV,KY' , 

where Yc — Yc (</?) and Yk — Yk {(fi) are the dressed charges in the curved frame. By 
putting these relations back into V^^"^"^, we obtain V^^'"^~^ = c^^^Vbh (0) with 

Vbh{<P) = S^eleiY,Yd + d^efe^{V,KY'){VdKY^) . (7.25) 

Now, using the identities 

j^KL ^ -5^efe^ , (7.26) 

we can rewrite the black hole potential as follows: 

Vbh (0) = K'^^'Y.Ya - {V.kY'') {VaKY'') . (7.27) 
Furthermore, using the relation 

K^^ = Ik^'9^\ (7.28) 

where is the metric of the moduli space, we end with the following form of the 
potential 

Vbh (</>) = Yl - I E 9a' (PckY'^) {VaKY^)] ■ (7.29) 

a,6=l \ I,J=1 J 
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Notice that relaxing the the sums j,^^ and X]/^j=i respectively as ^^^^ and 
where r and n are positive definite integers, the above equation appears as a particular 
relation of a general relation associated with the target space manifold 

^^^^'^^ (7.30) 



SO (r) X SO (n) ' 



However the above geometric interpretation cease to be valid since Kab and Kjj can no 
longer be defined as intersection matrices and are not necessary symmetric. Nevertheless, 
it is interesting to note that for the case r = 2 (resp r = 4), eqf l7.29l) could be related to 
the usual expression of the black hole potential in 4D (resp. QD) M = 2 supergravity. 



7.2 7D attractor eqs 

We begin by recalling that in 4D M = 2 supergravity embedded in type IIB su- 
perstrings on CY3, one generally uses two different, but equivalent, approaches [63] to 
determining the black hole attractor eqs. These two methods are: 

(1) the critically conditions approach based on computing the critical points of the black 
hole potential 5V^^'"^~^ = 0. 

(2) the so called new attractor approach using projections along the "geometric" and 
"matter" directions of the Dalbeault basis of the third cohomology of the CY3. 

The first method has been systematically used to deal with black objects in higher di- 
mensional supergravity theories; in particular in the 5D and 6D space times. 
In 7D M = 2 supergravity we are interested in here, assuming non degeneracy condition, 

(VS^=') lav.^^o > 0, (7.31) 

the critically conditions of the black hole potential reads as 

5VlY^^ = 25^{5Za)Zb + 25^^Zj_5{Zi) = ^ , 

^Za_ = 5^ + fe) 50^' = , (7.32) 

and leads to the critical solutions fl3. 64113. 80]) studied in section 3 and previous subsection. 
Below, we develop the new attractor approach of Kallosh to the 7D black attractors. 

7.2.1 Extending the new attractor approach to 7D 

Here, we study the attractor eqs for the extremal 7D black hole in the framework of 
the new attractor approach. The latter is given by extending the idea of [8] dealing with 
black holes in type IIB on CY3-folds to the case of black attractors in IID M-theory on 
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K3. 

The attractor eqs are obtained by evaluating the Hodge decomposition identity (15.471) 
along the constraint eqs determining the various classes of critical points (13. 64113.801) of 
the potential. To get these eqs, we proceed as follows: 

First, we consider from the field strength = dC^ in IID M-theory compactified on 
K3 and compute its fluxes as in eq (l3.1l) namely, 

= /5^x^A-^4 , (7.33) 

where are integers. This relation can be decomposed in two equivalent ways; either 
as 

= Uih^^^) = , (7.34) 



or like 

where we have set 



/*a(/5^-^4) = ^aH2 , (7.35) 

(7.36) 



•^2 ~ /*A ) 



Ti.2 = Jg2^^A 

Since TC2 G {K3, R), we also have the decomposition with respect to the basis cx\, 

22 „ 
H2 = $^/aA, p^= / J't (7.37) 



A=l 



The next step is to Hodge decompose the real gauge invariant 2- form field strength 7^2 
on the {Qa,^i} 2- form basis as 

or equivalently like. 



n2 = <,K'''yj n2Anajnh + HK''\^j n2Anjjnj, (7.39) 

where ^ and x are numbers which will be determined below. 

Putting H2 = X]a=i P^'^a back into the right hand side of the above relation and using 
the following expressions. 



we can rewrite 7^2 like. 



(7.40) 



n2 = ^K'^' (^PaX^^ + xK'' (^p^X^^ Qj. (7.41) 
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The coefficients ^ and x can be determined by computing 



712 , / HaAfi/, (7.42) 

X3 JKd, 



in two ways and compare the results. On one hand, we have 

A 



'A 



(7.43) 



and on the other hand 

A 



(7.44) 



The identification of the two relations give, 

^ = X = e^"". (7.45) 

Now using the dressed charges 

Ya = Ij,,n2An, = J^P^^a , 

A 

Yj = Jj,,n2Anj = J^PAXf 



-A 

^/^A-'i 

A 



(7.46) 



with Yj = K VaiYb, we can put the Hodge decomposition into the real 2-form as follows, 

^2 = e^'^K'^^Yanb + e^^K^^YiVtj. (7.47) 

Finally, integrating both sides of (17.471) over the {^^^ basis, we get the 7D black hole 
attractor eqs 

/ = K^^YaX^ + K^-^YiXj. (7.48) 

Notice that this equation can be put in other forms as given below. 

First by substituting K"''' = e^e^?]— , K^'^ = e^j^ejr]— and using = e'^Ya, Zk = ^k^i, 

eq fl7.48l) becomes 

= rf^Z^Lf + rf^ZKLi (7.49) 
where {^Lj,L^ are as in eq( ]7.49p . 

Second, multiplying eqf l7.49p p\ and summing over A, we rediscover the relations f l3.34f3.36l) 
that we have used in section 3, 

p' = rf^Z^Z, + r^^^Zi_Zj_, (7.50) 

with = pajA. 
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7.2.2 Solving the attractor eqs 

Here we evaluate the fundamental SHG identities along the constraints determining 
the various classes of critical points of the black hole (black 3-brane) potential in the 
moduli space. We show that the supersymmetry breaking at the horizon of the static, 
spherically symmetric extremal black hole (3-brane) solution, can be traced back to the 
non-vanishing intersections between the field strength 7-^2 and the components of the 
basis {^Igfli}. We have: 

(1) Supersymmetric \ BPS 

This supersymmetric 7D attractor corresponds to the critical point Za 7^ (0, 0, 0) and = 
(0, ...,0). Putting = V / G X = {1, 19} back in eq(I73ZD, we find that the real 
2- form ?-^2 of M-theory on K3 has vanishing components along the second cohomologies 
(i^3) generated by Vti = Vai^""- As such the 2- form {li.2)iBPS reduces down to. 

The BPS non degeneracy condition {Za)igpg 7^ corresponds therefore to a condition 
of non orthogonality between 7-^2 and fia, 

/ftrs A 7^ , at least for one of the a's , 
/^3 7^2 Afi, =0 , V/ = 1,...,19 

(2) Non BPS type 1 

This non supersymmetric attractor corresponds to the critical point Za = (0,0,0); but 
Zi^{0,...,0). 

The real flux 2-form 7^2 of M-theory on K3 has non zero components along Qj] but no 
component along fla, 



/^3^2Afi, =0 , Va = 1,2,3, 

/x3 7^2 A i7/ 7^ , at least for one of the /'s 



(7.53) 



Then, we have 



(7.54) 



= {e^'^v^Zjnj)^^^^^^^ . 
(3) Non BPS type 2 

This is a non supersymmetric attractor corresponding to the critical point Za 7^ (0, 0, 0) 
and Zi ^ (0, ...,0). 
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The real flux 2-form 7-^2 of M-theory on K3 has at least one non zero component along 
Qa and at least one non zero component along Qj, 

Jj^^T-C2AQa =0 , at least for one of the a's , 

„ \ t .Do j 

Jx3 'H2AQJ ^0 , at least for one of the /'s . 

8 Conclusion and discussion 

In this paper we have studied the extremal BPS and non BPS black attractors in the 
seven dimensional Af = 2 supergravity embedded in IID M- theory on K3. The attractor 
eqs and their solutions have been treated by using both the criticality condition of the 
attractor potential (black hole and the dual black 3-brane) as well as by extending the 
4D attractor approach of Kallosh to = 2 supergravity in 7D space time. 

After having given some useful tools on ways to deal with the moduli space of the 
theory, 

SO (1,1) X SO (3,19) 
^^^^^ " SO (3) X SO (19) ' ' 
we have described the brane realizations of the 7D black objects in terms of M2 and 
M5 branes wrapping 2-cycles of K3. Then, we have studied explicitly the corresponding 
attractor mechanism: First, by using the critically condition method, in both inertial 
and curved frames {^— (x)} and {ip"^ (x)} of the moduli space (sections 3 and 7). Second, 
by extending the so called "new attractor approach" of Kallosh (section 7). 

Moreover, using speciflc properties of the quantum numbers of the flelds of the 7D 
theory, we have derived the 2-form basis eq fl5.ll) for the second real cohomology of K3, 

{Qa, ^/}/=lf fl9 • (8-2) 

This basis, refereed to as the new basis of {K3, R), exhibits manifestly the 5*0 (3) x 
SO (19) isotropy symmetry of the moduli space and plays an important role in the study 
the underlying special hyperKahler geometry of IID M-theory on K3. The new basis, 
which could be also motivated by using properties of the Picard group of complex curves 
in K3 [671 [68] , has been derived here from the two following physical arguments: 
(i) the 7D Af = 2 supergravity fleld theory has two kinds of irreducible supersymmetric 
flelds representations, namely the supergravity multiplet Q^j^"^ eq (l4.17p and the Maxwell- 
matter supermultiplet eq fl4.18p . Each one of these two representations contains its 
own abelian Maxwell gauge flelds: G^j^"^ has three 7D space time gauge flelds 

A;{x), a = 1,2,3, (8.3) 

while the gauge- matter sector with the set {(V^^)^} has nineteen 

Kix), / = 1,...,19, (8.4) 
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constituting altogether the twenty two gauge fields of the underlying U"^^ (1) gauge in- 
variance. This splitting allows to classify the field strengths of the 7D supergravity 
theory into two kinds namely J^^^ and JF^^,; and leads then to two types of physical 
gauge invariant (magnetic) charges 

These magnetic black hole charges are precisely the dressed charges Z- and Z- of the 
extended brane version of the 7D A/" = 2 super algebra [Ml EH [TOl [721 [73] . 
(ii) the compactification of IID M- theory on K3, together with the Calabi-Yau condition 
preventing 1-cycles, lead to the possibility to combine both the Kahler moduli 

and the complex deformations 

of the metric of K3 into nineteen isotriplets 

C'={z'',z^',z-^), / = !,..., 19, (8.6) 

which are nothing but the fifty seven scalars of the nineteen Maxwell-matter gauge 
multiplets of the gauge sector of the supergravity theory. This combination is a very 
special property of the K3 surface; which refiects in some sense its hyperKahler nature; 
it has no analogue in higher dimensional Calabi-Yau manifolds. 

Furthermore, using the new basis {Qa,^i} of {K3,R) and the deformation ten- 
sor Q'^j eqsf l5.91ti5.92l) of the metric of K3 as well as the symmetric inner product 
{F, G) = fj^^ F A G, we have derived the fundamental relations f ll.5til.6p of the SHG 
geometry of the moduh space ^'^scHl)so{f9)^^ '■> eqs fl6.llti6.13p . 
By decomposing Qa and Qj with respect to the standard [old) basis Hodge of {K3, R), 

{«a}a=i,„„22 (8-7) 
we recover all usual constraint eqs of the 7D theory given in [63j; especially the canon- 
ical coordinates eqs fl2.53ti2.55p . the dressed charges eqs fl5.43ti5.46p and the constraint 
eqsf l6.30ti6.32p described in section 2. 

It is remarkable that the physical field strength JF^^ of the gravity multiplet and the 
field strength J-"^^ of the Maxwell-matter multiplet are given by the linear combinations 

dOMOHD, 



22 22 



A=l A=l 
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where J-"^ is the compactified 4-form of the IID M-theory on the 2-cycles basis \E'^ G 
H2 iK3, R) 

J'^= I , / cxj, = 6i. (8.9) 

The decomposition coefficients L§- = {^^^ Lj^ are given by 

[ na = L^ , [ ni = Lf, (8.10) 

and form precisely the SO (3, 19) orthogonal field matrix considered in section 2, 
eqsf l23Tll2:32|) . 

With the basis at hand, we have also extended the Kallosh attractor ap- 

proach to the case of 7D A/" = 2 supergravity. Then we have used this "extended new 
approach" to rederive the 7D black hole (7D black 3-brane) attractor eqsf l7.47tl7.49p and 
their solutions fl7.5m7.55|) which have been also classified in terms of the sign of p^; see 
eqsf l7A9ll7:23|) . 

In the end, we would like to add that the compactification of the 7D M = 2 su- 
pergravity theory on a circle leads to 6D M = 2 non chiral supergravity. This is also 
equivalent to compactifying lOD type IIA superstring on K3 [5l] or the heterotic string 
on the 3-torus. Then, one can think about the analysis given in this paper as the up- 
lifting of 6D M = 2 supergravity theory to the 7D; in analogy with the uplifting of 4D 
Af = 2 supergravity theory to the 5D with real cubic prepotential [TH US 150] . 
This property allows us to ask whether results concerning 4D/5D correspondence with 
cubic prepotential could be generalized to the 6D/7D case where we have a quadratic 
prepotential. Below, we give an heuristic exploration of this issue. 

8.1 6D/7D correspondence 

An interesting field theoretical way to study the link between the 6D/7D BPS and non 
BPS attractors is to follow the analysis of Ceresole, Ferrara and Marrani (CFM) [74] 
concerning the 4D/5D correspondence and explore how it could be extended to get the 
6D/7D correspondence for the black attractor potentials and their critical points. 
In the CFM field theory set up, the extension 

4D/5D correspondence — > 6D/7D correspondence , (S-H) 

could, a priori, be done by first working out a dictionary regarding the links between the 
moduli spaces of the 4D, 5D, 6D and 7D supergravity theories. 

Second, determine the various effective potentials from which we may read the critical 
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points and their relations. 



(1) Dictionary 

A first step in the way to 6D/7D correspondence can be made by working out the relation 
between the geometries of the underlying moduli spaces of 4D (resp. 5D) and 6D (resp. 
7D) Af = 2 supergravity theories. We have the following picture, 

4D: SK Geometry < ^ 6D: SQ Geometry 

: I (8.12) 

5D: SR Geometry < > 7D: SH Geometry 

where SQG and and SHG stands for special quaternionic and special hyperkahler geome- 
tries respectively. 

Much about the 4D/5D ^ 6D/7D dictionary can be also learnt from the isotropy sym- 
metries of the underlying M = 2 supergravity theories and from the way the fields have 
been generated from the lOD superstrings and M-theory compactifications. In the type 
II A set up, we have 

lOD Type IIA/CY3 < > lOD Type IIA/K3 

i i (8.13) 

Uplift to 5D < — ^ Uplift to 7D 

These correspondences can be translated in the language of 2-forms on the corresponding 
moduli space as follows 

B^s ^ ^ J ^ — , qNS ^ ^a^^ 

I I (8.14) 

J < > Via 

Here B^^ + iJ is the complexified Kahler form with B^^ standing for the NS-NS B-field 
of type II superstrings and give axions up on integration over the 2-cycles of the 
compact spaces, 

X'= [ B'^'. (8.15) 

Notice by the way that the table fl8.13p can be also stated by starting from IID M-theory 
on CY3 and on K3; then compactifying on a circle. 

down lift to 4D < > down lift to 6D 

T T (8.16) 

M-theory on CY3 < >■ M-theory on K3 
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Using results of [71] and the analysis given in [51]; although more explicit and han- 
dleable expressions are still needed, we learnt that the CFM method could be applied 
to the 6D/7D case provided we can have the explicit expressions of the potentials in the 
special coordinate. 

(2) Potentials 

With the relations (18 .12118. 151) in mind, the second step to 6D/7D correspondence is 
to mimic the CFM analysis of ref.^]. There, the 5D black hole potential V^^'^~^ is 
determined by using the known expression of V^^'''^"^ and putting constraints on the 
axions (18.151) and the volume of the CY3. 

The extension of the CFM field theoretical method towards a 6D/7D correspondence can 
be done in a similar manner. For this purpose, we need to know the effective potential 
of 6D black attractors V^^'^~^ in the special quaternionic coordinates on which we put 
constraints on the axions x' (mainly — 0, i = 1, ...22) and on the volume of K3. In the 
language of the moduli space group symmetries, the uplifting from 6D to 7D corresponds 
to the symmetry breaking 

50(4,20) ^ 50(3,19) , 

50(4) ^ 50(3) , (8.17) 

50(20) ^ 50(19) 

At the level of the scalar field manifolds, the 6D— >7D uplifting is accompanied by the 
breaking so^i4)xso\20) ~^ so^(3)xSo\i9) ^^^ducing the dimension from real 80 dimension 
down to the real dimension 57 sub-manifold. This reduction corresponds then to fixing 
23 real moduli and these are precisely given by the constraints on the axions, 0, 
i = 1, ...22; and by fixing the volume of K3. 

However, the knowledge of the explicit expression V^^'^~^ in the special quaternionic 
coordinates is some how problematic; since it requires the knowledge of the explicit 
expression of the quaternionic metric 0^^*'''^°'°° of the moduli spacq^ of 6D J\f = 2 
supergravity. 

To our knowledge, the explicit expression of 0^^*'^'''^'°'^ is still missing although it is 
suspected to be a real 80 dimensional generalization of the Taub-NUT metric of 4D 
Euclidean gravity. Thought lengthy and technical, the explicit expression of 0^^**^'''^'°'^ 
could be however derived by using harmonic superspace method [77]- [80]. The explicit 
expression of 0^"*'^'^™°'^ will be considered in a future occasion. 



^^the dilaton cr, captured by the SO (1, 1) subgroup factor, is freezed in (|8.18p 
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Nevertheless, partial results can be still given by using the Weinhold potential fl3.5p and 
the constrained matrix representation of sub-section 2.2. The 7D black hole potential 
V^^'^~^ can be put in a form quite similar to the V^^'^~^ corresponding one. Up 
on solving underlying constraints, V^^'^~^ can be expressed in terms of the special 
coordinates ^— eq fl5.42l) and the magnetic bare charges and p^. 

To see how this can be done, we start from V^^'^~^ in terms of the dressed central 
charges Z- and Z- eqf lS.Sp . Then, we put this potential in the quadratic form, 

KT^' = \ [Mag^ + Mail^ + Mn>p^^ + MuP^p^) , (8.19) 



or equivalently like 



where the 22 x 22 matrix A^ae is given by 
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-^AE = 2 5Z 4'^cd4 + M 5Z -^f ' (8-21) 



\c4=l / \K,L=1 



with C\ and as in eqs( ]3.10p . 

Next, using the constraint eqf l2.55p . we can also rewrite the matrix A^as as. 
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^AE + 2 ^ L{6ijL^ 



(8.22) 



where the dependence into the dilaton has been factorized. This expression can be 
simplified further by replacing as in eqf l2.54f5.42p . which we rewrite as follows. 



S V 3 "a V 19 



= V 3 a V 1^- (8.23) 



where e| = (^f ) * = Vut^^i and = E ^^7 = E e^^^- 

Putting these relations back into fl8.22p . we get the explicit expression of the black hole 
potential in terms of the special coordinates ^. 

The next step is to do the same thing for the potential of the 6D black hole Vbh^~'^- 
Then, try to figure out the 6D/7D correspondence by following the method of Ceresole, 
Ferrara and Marrani. Progress in this direction will be reported elsewhere. 
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9 Appendix 

In this appendix, we describe some useful relations regarding SKG in curved and the 
inertial frames. These relations complete the analysis of sub-section 5.1 and allows to 
make formal analogies with the analysis given in section 6 regarding the fundamental 
relations of SHG. 

4D Af = 2 supergravity has been extensively studied in literature, it can be realized as 
the effective field theory of lOD superstring II on Calabi-Yau threefolds. We first re- 
view the fundamentals of the SKG geometry underlying its scalar manifold M^^"^, with 
dime M^^^ = n in curved frame. Then, we consider the same relations; but now in the 
inertial frame set up. 



(1) SKG in curved frame 
To fix the ideas, consider lOD superstring^ IIB on Calabi-Yau threefolds and let {z~^^, z~'^)^^^ ^ 
be the local (special) coordinates of the M^^'^ with n being the number of abelian vec- 
tor supermultiplets that couple the supergravity multiplet. The metric gq of this Kahler 
manifold which, for convenience, we rewrite it as g-i+j, is given by. 



d^. = jA, , (9.1) 



:z+^) = z- 



In this relation, /C = /C {z^,z ) is the Kahler potential with the usual gauge transfor- 
mation 

/C ^ IC + f {z+) +i [z-] , (9.2) 

where f {z~^) is an arbitrary holomorphic function. The abelian gauge transformation 
(19. 2p leaves the metric g-i+j invariant since the variation d^id+jf {z~^) = 0. 
Let also 



Hodge: cx.\ , f3^ , A = 0,...,n , 

Dalbeault: ^2+ , , fl- , , i = l,...,n , 

be respectively the Hodge and Dalbeault basis of 3-forms of {CY3) with 



(9.3) 



= (^H 



= (fi_,+) , (9.4) 

n = h^'^{CY3) , 



-"^^In type IIA set up, the complex variables are given by the moduli of the complexified Kahler 2- 
form S^'S + iJ over the the 2- cycles C| of H2 {CY3). 
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and {A^, Sa} being the usual symplectic basis of real 3-cycles given by eqs fl5.17l) . 
Since both Hodge and Dalbeault 3-forms are two independent basises of the third real 
cohomology of CY3, we have the following relation 



with 

















= 








(9.5) 






A 












) 


Fa± = 










) 


FA-i+ = 




(9.6) 








Fa+i- = 








= Fa^{z+] 


1 


x^ = 
Fa- = 




(9.7) 



Using these 3-forms, we can define the fundamental relations of the SKG in curved frame: 



(a) the Kahler potential 
It is defined by computing the volume (3, 3)- form on the moduli space and reads as 



le 



-K. 



J^y^n+An+ = , (9.8) 
J^y^ A = , 

where JC is the Kahler potential. The number i is required by the reality condition and 
antisymmetry fi+ AQ- = — A 
Notice that setting 

we have 

d^,Q^ + d^,Q^ = f^ + f? • (9-10) 
To make contact with our analysis concerning the SHG analysis we have given in section 
6, it is convenient to set 



na = {^+,^-), n_ = {n^), (9.11) 

and rewrite the above relations collectively as follows 



J^Y3 A = -iK, 



ab 



le-'^Sab , (9.12) 
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with Kab = —Kba and Eab = —£ba- The relation Kab = e~'^eab can be derived by solving 

the orthogonality constraint eqs to be given below. 

Kahler transformations (19. 2p correspond to the following local change 



Q_{z-) e^y')Q^{z-) . 

Similar transformations are valid for the field moduli eqs (19. 71) : they define the usual ho- 
mogeneous coordinates transformation that fix the component to one. 

(b) the metric 

Before giving the expression of the metric, it is useful to notice the three following 
properties: 

(i) deformation tensor: Qaib 

The holomorphy of the (3, 0)-form f2+ and the antiholomorphy of (0, 3)- form f2_ imply 
the constraint relations 

d+in+ = , d^iVl^ = 0. (9.14) 

These relations show that the set and can be enlarged by implementing the 
trivial objects, 

= (9+jf2+ , fi-i- = d-i^l-. (9.15) 
Generally speaking, we may consider the largest set 



(9.16) 

which can put be altogether like 

Qb , ^aib a,b = ±, i = l,...,n , (9.17) 

where Qaib can be interpreted as the deformation tensor. Clearly Qaib 7^ for only form 
a + b = since no (4, 0)- nor (0, 4)- forms can live on CY3. 

(ii) gauge fields: Cat 

The (2, 1)- forms and their complex conjugate ^l+i- generate covariant complex 

deformations. They are defined as the covariant derivatives of f2+ and Q- as shown 
below, 

= D^,n+ = (9_, + c_,)i]+ , 
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where C±i are gauge fields associated with the Kahler transformations. The abelian 
gauge fields C±i read in term of the Kahler potential /C and 



= 9±,/C , = (C_,), (9.19) 

and transform as 



C-i — ^ C-i + d-if , 



(9.20) 



and are used to ensure the covariance 



(9.21) 



and can be extended to ^ai+ and fiaj__with a = ±. 
(iii) orthogonality relations 

Because Vta and Vtaib come in various (j9, g)- forms, we distinguish several orthogonality 
relations; in particular 

/^yg Vta A fifcjc = , a, 6, c = ± , (9.22) 
and due tothe identity = = 

/^yg A ll+jfe = , h = ± . 

What remains is precisely the intersection regarding complex deformations and 
their conjugates fi+j- which we write as follows: 

/^y3 ^]_,+ A = -zG'_,+,+j_ . (9.24) 

A way to get the expression of G'_j_|_ +j_ in terms of the Kahler potential is to start from 
eq fl9.8p and compute the second derivatives by using holomorphy properties. We have 

j^y^d^iVl+ Ad+jVt. = -ie-'^ {d^,d+jlC - d^,ICd+jlC) , (9.25) 

which can be also put in the form 

{j^y.^d-in+Ad+jn^)+C-iC+j{j^y.^n+An^) = -le-"" {d^id+^ic) . (9.26) 

where we have used the identities C±i = d±ifC. But the right hand side of above relation 
is precisely ^^Yz^-i^+ ^ D^jQ^. So we have 

= e-^ (d.id+jJC) = e-'^g^i+j. (9.27) 
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This relation can put in various equivalent form; in particular like 

G-i+,+j- = e ^g-i+j , 

G^ia,+jb = -KabQ-i+j , (9.28) 

Q-i+j — e '^G-j+^+j- . 

(2) SKG in inertial frame 
The above SKG relations can be rewritten in the inertial frame {w~^,w^}. The corre- 
sponding relations can be obtained by using vielbeins e^, e^^ and ef and e^. The 3-forms 
Qc and flaib in the inertial frame as follows 

O - ^cfcQ o _ „cfco (^y.zy; 

where = (w^, 2;=*=) and e^^ = e^^ (u'='=, 2;=*=). Substituting these identities back into 
eqs(??), we obtain 



/era ^a^^b — —i^ab 

IcY3 ^ ~ ~'>'^ab^kl 



where 



and 



^ab — ^gpgj^cd — 6 ^g^g^cd 

Kcd = e%e\£gh 



(9.30) 



(9.31) 



>kl 



e^e^g-i+j , g^i+j = e-^e^^5ki ■ (9.32) 

From the above relations, we learn, amongst others, that the vielbeins and e§ are 
given by 

el^e^Sl , ef = e-§e (9.33) 
and carry half of the Kahler charge. In the inertial frame {w}, the Kahler potential is 

/C(w±) ~ ^w+^wr. (9.34) 

i 

The the metric gq reduces to the constant gf^ ~ ^'l^Jk ^^"^ g^-uge potentials Cj and 
Cj respectively to and w~ . 

The D — A J\f — 2 covariantly holomorphic central charge function Z"- is defined as 

= elZ'^, (9.35) 

where Z- = W- is equal to the usual relation e— (jAF\b — QA^f^ ■ 
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